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Sammanfattning 

 
Traditionell röntgen kristallografi kräver tillgång till kristaller av det protein eller 
partikel man vill bestämma strukturen hos. Detta är ett problem då alla partiklar inte 
låter sig kristalliseras. Kristallerna är nödvändiga för få en tillräckligt stark signal från 
provet för att man skall kunna detektera de spridda röntgen strålarna. Om man skulle 
öka strålningsdosen, för att få starkare signal, introduceras strålskador hos provet. 
 
Strålkällor som är under utveckling kommer att erbjuda extremt intensiv röntgen 
strålning med kort pulslängd. Detta gör det möjligt att detektera signal från enstaka 
partiklar innan strålskador hinner ändra strukturen hos dessa. Partiklarna kommer att 
förstöras i experimentet vilket ställer krav på reproducerbarhet hos provet. Nya 
möjligheter öppnas upp för strukturbestämning av partiklar som tidigare varit 
omöjliga att kristallisera. 
 
Diffraktionsbilderna från ett sådant experiment kommer att vara brusiga och 
orienteringen hos partikeln kommer att vara slumpmässig när den bestrålas. I det här 
arbetet har metoder för att kunna hitta diffraktionsbilder som kommer från partiklar 
som har liknande orientering under bestrålningen. Tanken är att medelvärdesbilda 
över dessa för att reducera brus. Metoder att behandla den stora datamängd som ett 
diffraktions experiment resulterar i, har utvärderats. En metod att bestämma den 
relativa orientering, som två partiklar hade under experimentet, har också studerats.  
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1 Introduction 

1.1 Single particle X-ray imaging 
Traditional X-ray crystallography requires proteins in the form of crystals. Not all proteins or particles can be 
crystallized e.g. membrane proteins. Radiation damage due to the photoelectric effect, Compton scattering and 
Auger cascades is a problem solved conventionally using crystals [1]. The crystal amplifies the signals by the 
diffraction principle and the radiation dose can be decreased. Thus radiation damage is reduced enough on the 
time scale of the experiment. When no crystal is used, amplification is absent. Simulations have showed that 
with extremely short pulse lengths with high intensity, useful diffraction information can be registered before 
radiation damage destroys the sample. The pulse length has to be in the femtosecond regime using about 2e12 
photons with a wave length of 1 Å. These kinds of pulses are in a near future available in the X-ray free electron 
laser. 
 
Injection methods related to electro spray techniques are being developed in order to get single particles into the 
X-ray beam [1]. The sample preparation has to be reproducible since one experiment will only provide 
information from one orientation of the sample. In each of the experiments, the sample will be destroyed and 
thus many experiments have to be performed.  
 
The detected diffraction images will be noisy. Averaging images originating from the same view of the sample 
can be used to reduce the noise. Clustering procedures for finding similar images are studied in this thesis.  
 
After averaging within a cluster, the relative orientation of the different averaged images has to be established. 
The orientation recovery procedure studied here is based on common lines of the diffraction patterns. Since the 
diffraction patterns are real intensities on spherical sections that go through the origin of the diffraction space, 
they have a circle shaped intersect in common. 
 
The phase problem in diffraction imaging necessitates a determination of the lost phases. The continuous 
property of the diffraction patterns makes over sampling possible. Several methods, for using the effects of over 
sampling, and some other parameters, as a priori information for determination of the phases, have been 
developed. Once the phases in Fourier space are determined, the inverse Fourier transform results in the electron 
density. 

1.2 General characteristics 

1.2.1 Elastic scattering  
X-ray diffraction imaging uses the principle of diffraction where electromagnetic waves bend in the 
neighbourhood of an obstacle, which has to be of the same size as the wave length of the wave, for the 
diffraction phenomenon to occur. Consider a biological sample, e.g. a protein. Most of the monochromatic 
planar X-rays will pass through in the direction of the incident light kin (|kin| = 1/λ, where λ is the wave length of 
the X-rays). Some will be absorbed by the sample. When this happens it can be reemitted with changed energy, 
inelastic scattering, which causes damage to the biological sample. Some X-rays scatter without change in 
energy, they produce the diffraction pattern. In X-ray crystallography the crystals concentrates the scattered light 
around the Bragg directions through positive interference. Thus the dose needed decreases and damage in turn.  

1.2.2 The Ewald surface 

The electron density of the sample is ρ(r) where r is the coordinate vector in real space. The elastically scattered 
X-ray amplitude in the direction ks, is proportional to the Fourier transform of the electron density (the molecular 
transform) according to,  

( ) ( ) ( ) ( )∫ −=⋅= ⋅−⋅
∞ ins

rkk

ins kkrkk ins FdreE
i

s

πρ 2
, ,  (1) 

Es,∞  is the electric field of the scattered wave. The subscript s means scattered and ∞ means that this is the 
behaviour at a large distance from the particle. ks is the scattered wave vector. F denotes the Fourier transform. 
The proportionality constant is given by the Thomson amplitude [2]. If the electric field E is measured for all 
possible direction of the scattered light, the Fourier transform on a sphere (the Ewald sphere), with radius k=1/λ 
and centre at kin, is obtained. If also the direction of the incident light is varied the Fourier transform with radius 
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2k=2/λ is obtained with centre at the origin. The last sphere is sometimes called the limiting sphere since it is the 
limit of resolution achievable with a certain wave length. In crystallography the crystal is rotated, which is the 
same as the incident light is varied, and intensity of E is detected up to a limiting scattering angle. Above that 
angle, scattered light can not be measured reliably. This means that the intensities of E on only a part of the 
spherical Ewald surface will be detected. Thus the limiting sphere will be smaller than 2/λ . In Figure 1 the 
Ewald surface concept is illustrated.  

 

 

1.2.3 Resolution 
Since for a given wave length it is only possible to 
obtain the Fourier transform up to a certain frequency, 
the Fourier transform of the electron density is band 
limited. The Fourier transform F is low pass filtered. 
The filter function χ is multiplied with the Fourier 
transform which corresponds to a convolution in real 
space.  
 

[ ][ ] ρχρχρ ∗=⋅= − ˆ~ 1
FF  (2) 

 
If the filter function is given by a simple cut off at 
2k (the radius of the limiting sphere) then the 
inverse transform of χ is the three dimensional 
sinc function. In Figure 2 a 2-d sinc function is shown. The convolution will have the effect of smearing out the 
electron density. The resolution d is given by d = 1/kmax Å where kmax is absolute value of the maximum 
scattering vector. Low resolution means that only low frequencies are available, thus kmax is small (note that d is 
large when talking of low resolution).  

1.2.4 Phase problem and sampling 
The electric field of the scattered wave is proportional to the Fourier transform. The transform is complex thus 
having a phase. The phase provides information, but it can not be measured. It is only the intensities of the 
scattered waves that are registered on a detector, 
 

Figure 1: The concept of Ewald surface. The coordinates of the diffraction intensities are on an Ewald surface. 
Here the incident wave vector kin, the scattering wave vector ks and the limiting k vector are shown. The 
normal vector to the Ewald surface points in the direction of kin with unit length (not shown in figure). All 
images in this thesis are made using the Matlab software. 

Figure 2: A 2-d sinc function. The inverse transform of a 
cutoff in Fourier space. The sinc function is convoluted 
with the electron density and has a smearing effect. 
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( ) ( ) 2kk FI =  (3) 

 
The phases need to be recovered.  
 
Sampling in Fourier space is equivalent to multiplying the molecular transform with a sampling function S(k) 
which is a three dimensional array of Dirac functions with spacing κ between them. If the array is uniformly 
spaced the inverse transform of S(k) is a similar array of Dirac functions but with the inverse spacing 1/κ. The 
relations are, 
 

( ) ( ) ( ) ( )[ ][ ]kSFFkSkFF
1, −∗=⋅= ρκκ   (4) 

 
The convolution will have the effect of repeating the electron density. If the molecule can be inscribed in a cube 
with side a then 1/κ will have to be larger than a by the Nyquist criterion. If not, aliasing will occur [3]. 
 
In crystallography Bragg's law sets the sampling distances because positive interference is determined by the 
properties of the crystal. In single particle experiments there will be no limit for the sampling distances because 
the diffraction pattern is continuous. This means that the replication of the electron density can be chosen 
arbitrary. If the sampling distance is chosen small (over sampled relative to the Nyquist criterion) there will be a 
no density region between adjacent repeats of the electron density. The no density region can be used as a priori 
knowledge when recovering the phases. Other a priori information that can be used is e.g. that the electron 
density is positive and that the sum of all the electron charges of the molecule should be placed at the origin of 
Fourier space. An iterative method called Gerschberg-Saxton-Fienup algorithm, is developed for recovery of the 
phases from the a priori information and the intensities of the molecular transform [4]. Also other approaches 
have been successfully used [5].  

1.2.5 Centro symmetry of the diffraction intensities 
The Fourier transform of a real function is Hermitian and the absolute value of a Hermitian function is Centro 
symmetric [6]. The diffraction intensities will therefore have the property: I(h,k,l) = I(-h,-k,-l). The diffraction 
intensities on an Ewald surface will therefore exist in duplicate. 

1.2.6 Representing Ewald surfaces  
One way of representing an Ewald surface is by its normal vector. The normal vector n is defined as the unit 
vector pointing in the direction of the kin vector (see Figure 1). In a single particle imaging experiment, 
thousands of Ewald surfaces in random orientations will be obtained. The normal vectors of the Ewald surfaces 
will together cover a sphere with unit radius.  

1.2.7 The properties of the diffraction pattern 

The actual number of photon counts K detected at a solid angle Ω on the detector follows a Poisson distribution, 
 

( )
W

K

eK

W
WKp

−⋅
=

!
|   (5) 

 
where W is average number of photons scattered within Ω, integrated over time. The interaction between 
photons and matter is stochastic hence the Poisson distribution of the photon counts. W is given by 
 

( ) ( ) ( ) ( ) Ω,Ω,)(
2

Ω

2
⋅⋅≈⋅= ∫ kkkkk TT WtFdWtFW   (6) 

 
F is the Fourier transform of the electron density and WT is the Thomson scattering intensity (the intensity per 
unit solid angle scattered from a single free electron) integrated over time, 
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( ) ( ) ( ) ( ) ine

t

ineT WBrdttIBrW ⋅⋅=⋅⋅= ∫ kkk 22  (7) 

where re is the classical electron radius, B(k) depends on the polarization of the incident X-rays, Win is the 
integral over time of the intensity Iin and is the total number of incident photons per unit area. The last equality in 
equation 2 is valid if the number of photons scattered in a pixel is approximately constant.  
 
When simulating diffraction experiments the factors WT 
and Ω have to be used in order to scale the intensities of 
the molecular transform before adding Poisson noise. 
The solid angle Ω of a pixel on the detector is different 
for the low resolution region than for the high 
resolution region. This can be understood by 
considering the detector being a two dimensional grid 
with uniform spacing (see Figure 3). The scattered 
radiation originates from the centre of the Ewald 
sphere. The solid angle of a pixel on the detector is Ω = 
A/d2 where d is the distance from the centre of the 
Ewald sphere to the pixel. It is easy to see, considering 
simple geometry, that d is large in the high resolution 
region, which implies that Ω is smaller in this region, if 
A is considered constant. A can be approximated to be 
the pixel area if the area is small.  
 
The average of WT(k) is, when the incident radiation is 
unpolarized, given by, 
 

( ) ( )kk BWrW ineT ⋅⋅= 2  (8) 

 
where <B(k)> is a polarization factor. The polarization 
factor depends on the angle 2Θ between the scattering 
vector and the incident wave vector [7], 
 

( ) ( )
2

2cos1 2 Θ⋅+
=kB   (9) 

 
The expression can be related to the coordinate k in Fourier space by [8], 
 

( )
8

48 2244 λλ ⋅⋅−⋅+
=

kk
kB  (10) 

1.2.8 The probability distribution of diffraction intensities 
The probability distribution for diffraction intensities for a group of atoms with randomly distributed positions is 
 

2
/

2

1 Ii
I e

I
p

−⋅=   (11) 

 
<I> is the expectation value. The derivation was made by Wilson in 1949 [9]. 

1.2.9 The molecular transform 
The molecular transform or the structure factor of the electron density is here briefly discussed.   

Figure 3: Ewald surface and a detector. The sampling 
on the detector is uniform. When mapping the samples 
the sampling will be non uniform on the Ewald 
surface. 
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1.2.9.1 Atomic scattering factor 

The atom is considered to be a sphere of free electrons. The electrons will scatter the X-rays in phase in the 
incident direction but will scatter out of phase as the scattering angle gets larger. An approximation to the 
scattering factors is 
 

( )( ) ( )∑
=

Θ⋅− +⋅=Θ
4

1

)/(sin 2

/sin
i

b
i ceaf i λλ   (12) 

 
where ai , bi and c are coefficients characteristic for an atom. Here only non-anomalous scattering is considered. 
The electrons are not really free in an atom. An approximation would be to model an electron as an electronic 
dipole having a certain resonance frequency ws. When the frequency w of the X-rays is close to the resonance 
frequency ws, anomalous scattering occur. The formula (12) was derived by Don Cromer and J. Mann [7] and is 
a non linear least square fit to experimentally measured scattering factors.  

1.2.9.2 The Debye-Waller factor 

The Debye-Waller factor is due to thermal motion of the atom, 
 

2)/)(sin( λΘ⋅−⋅= B
B eff   (13) 

 
where B is a factor that depend on the mean displacement of the atom. B = 8π<u2> where u is the amplitude of 
the displacement. Θ is half the angle between the incident light and the scattering vector [2]. 

1.2.9.3 Structure factor  

The structure factor or the Fourier transform is 
 

( ) ( )∑ ⋅+⋅+⋅
⋅=

j

zlykxh

B
jjj

j
eflkhF

π2
,,   (14) 

where fBj is the scattering factor, modified by the Debye-Waller factor, of atom j, [xj,yj,zj] are the coordinates of 
atom j and [h,k,l] are the coordinates in Fourier space. The structure factor sums up the contributions from the 
atoms in the molecule and adds a phase shift. The phase shift is due to that the scattered light has different path 
length when it scatters from different atoms [2]. 

1.2.10  Rotation of Ewald surfaces 
A particular rotation of the particle can be described by three so called Euler angles [10]. There are several 
conventions for the rotation but here the following has been used: In the first rotation, the coordinate system is 
rotated an angle Φ around the z-axis. The second rotation is an angle Θ around the new x-axis. The final rotation 
is Ψ around the new z-axis. The object is then expressed in this new coordinate system. When the particle is 
being rotated, so is the Ewald surface representing the view of the rotated particle. An effect of the rotation is 
that two Ewald surfaces can be perfectly aligned (normal vectors point in the same direction) except for being 
rotated relatively around the normal vector. This kind of rotation we call in plane rotation and an in plane 
alignment has to be made.  

1.3 Introduction to clustering 

1.3.1 Clustering 
The noisy images are of no use unless some kind of noise reduction is performed. The idea is to average several 
images originating from the same orientation. The problem of finding similar images can be solved by clustering 
methods. A similar problem exists in electron microscopy. Several different clustering procedures have been 
used there.  
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Clustering means finding groups in the data. It is a field still under development and no good guidelines are 
available. Different results can be reached with different methods and the a priori knowledge of the result can 
often be very useful in choosing clustering method. A good clustering criterion is very important. Clustering is 
often used for finding natural groupings among multidimensional vector. It can also be used for data reduction 
e.g. vector quantification [11].  
 
In the problem of averaging diffraction patterns one wants to find about 10 similar images positioned as close as 
possible. It is more similar to the problem of data reduction, than to find a natural grouping. The criterion of 
clustering for this problem can be stated as to find the closest images by means of minimizing the variance of the 
cluster.  
 
If all possible combination of members in the clusters should be tested for optimizing the chosen criterion the 
number of combination should quickly grow very large. For larger data sets this is not realistic, therefore 
different methods for finding the optimum in the response surface (the response surface of the criterion) have 
been developed. The methods often result in a local- rather than a global optimum. Some of the clustering 
procedures always result in the same answer but others deal with the problem and force some kind of stochastic 
nature on the method to prevent getting stuck in local optima.   
 
The clustering methods used here are hierarchic clustering, K-means clustering and fuzzy K-means clustering. 
Also an online version of K-means has been implemented.  

1.3.2 Analysing the result of clustering 
After clustering has been performed the question arises however the result is satisfactory or not. In the case of 
clustering diffraction images there is no simple and straightforward way. A clustering criterion is of no value 
unless a relation with some parameter of the final result, e.g. the resolution of the resulting electron density, has 
been established. This study does not go that far so some intuitive measures of the clustering result have been 
studied. The measures are based on the normal vector representation of the Ewald surface discussed in section 
1.2.6. The coordinates of the normal vectors of a cluster form a group of dots on a unit sphere. A good cluster is 
considered to be a cluster where the dots form a compact group spanning a particular solid angle on the sphere.  
The cluster should not be elongated too much in any specific dimension. Dimension, in this context, means a 
direction on the surface of the unit sphere and is related to the Euler angles that represent the rotation of the 
Ewald surface (i.e. the orientation of the diffraction image). A well performed clustering (optimal) would also 
find clusters that are well separated from each other. One cluster should for example not be enclosed or partly 
enclosed in another cluster. In other words the intra class-variance, or the variance among the centroids of the 
clusters, should be as large as possible.  

1.3.3 The distance between images 
Since the rotation of the particle, thus also the diffraction patterns on an Ewald surface, can be described by three 
angles, the in plane rotation described in section 1.2.10 makes things a little difficult. The distance measure has 
to take that into account. The distance measure for classification is cross correlation which is closely related to 
convolution. Cross correlation will impose certain conditions on the representation of the diffraction images, e.g. 
a polar representation suits the problem better. In this preliminary study one of the angles is being kept constant, 
which rules out the in-plane rotation. In electron microscopy the in-plane alignment is usually done before 
clustering is performed so this simplification may not affect the generality of the method [12]. The ordinary 
Euclidean distance is used instead of cross correlation. Instead of polar representation, Cartesian coordinates are 
used. The extension to the in-plane alignment has to be made in future work. 

1.3.4 Hierarchic Clustering 
Hierarchical methods are often used for summarising data structure. The idea is to agglomerate the two clusters 
that have minimum distance between them one by one. From the beginning a cluster is a single vector. The 
distance between clusters can be calculated in many ways and the choice of distance will have effect on the 
structure of the result. The agglomeration continues until only one cluster, containing all vectors, is left. The 
result can be visualized as a dendrogram which is a tree representation of the clustering (see Figure 4).  
 
Some basic distance measures often used are: 
 
Single linkage: The minimum distance from one cluster to another is used. The distance measure can be any kind 
of distance measure. This method is good for finding elongated or strangely shaped clusters as well as finding 
outliers. It is the only method that fulfils the mathematical conditions suggested by Jardine and Sibson [11]. 
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Complete linkage: The maximum distance is used. Complete linkage imposes a compact structure on the 
clusters. It is not very good for finding outliers.  
 
Centroid: The centroid method calculates the centroid vectors of the clusters and measures the distance between 
them. It is only meaningful for the Euclidean distance between the centroids.  
 
Average: The average method averages all distances between pairs of vectors in one cluster and a second cluster.  
 
Ward: The Ward criterion minimises the intra class variance and maximizes the inter class variance. This is the 
criterion fulfilling the demands in section 1.3.1. It is also used in electron microscopy [12].  
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where ni and nj are the number of members in cluster i and j. The distance dij is the centroid Euclidean distance 
between the two clusters. The ward criterion is only defined for the Euclidean distance. Using the Ward 
criterion, the two clusters contributing with the lowest added variance will be agglomerated first.  
 
There are a number of ways of choosing a criterion for where to stop the agglomeration (only one cluster is not 
very useful). The decision can be based on the number of desired clusters, the maximum distance between 
clusters, variance inside a cluster or some other kind of criterion. 
 

 

 

Figure 4: A dendrogram. In hierarchic clustering the samples with the smallest distance are agglomerated 
first. In this example sample 2 and 5 are closest and thus agglomerated first. The cluster containing sample 2 
and 5 are then closest to sample 4 and so on. On the y-axis are distances at the levels of connections. 

 

Samples 



Introduction      10 

 

1.3.5 K-means clustering 
K-means clustering is an iterative method that partitions data vectors xi into clusters where the distance between 
the cluster member and the centroid (mean vector) is minimized. The algorithm [11] is best described using 
pseudo code: 
 

Start 
1. Initialize a starting configuration of K mean vectors 

2. For all xi find the closest mean vector mr. xi ∈Kr where Kr is cluster number r. 
3. Calculate new mean vectors 
4. Go to 2 until no xi switches cluster.  
Stop 

 
The distance between sample vector xi and the mean vector can be both correlation and Euclidean distances or 
some other distance. The initialization of centroid vectors can be made randomly or the starting guess can be the 
result from some previous clustering procedure e.g. hierarchic clustering. If it is made randomly it is often 
distributed uniformly within the limits of the data set. 

1.3.6 Fuzzy K-means clustering 
K-means clustering partitions the sample vectors in a binary way. A vector either it belongs to a certain cluster or 
it does not. Fuzzy K-means clustering on the other hand allows the samples to have multiple memberships. The 
binary partition is exchanged for probabilities. The algorithm tries to minimise the objective function (16). 
 

( )[ ]∑∑
= =

⋅=
K

i

N

j

ij
r

ifuz dPJ

1 1

| jxω  (16) 

In equation 16 K is the number of clusters, N is the number of data points and dij is the squared Euclidean 
distance between centroid i and data point j. ωi denotes cluster i. r is a parameter which determines the impact of 
the multiple membership. If r is large, the membership is very fuzzy, i.e. a data point xj belongs to many clusters 
with a higher probability than if r is small. Minimising J with respect to the centroids results in the following 
expressions for the centroid vectors and probabilities: 
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The pseudo code for the algorithm is: 
 
Start 
Initialise the mean vectors µµµµI, calculate the distances dij and the probabilities P(ωi|xj) for all i and j. 
Normalise the probabilities so that the probability that xj belong to any cluster becomes one:  
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While: ( ) ( )( )[ ] thresholdterationcurrent  iiterationprevious  >    ii µµ ,distancemax
i

 

Recalculate all µµµµI and P(ωi|xj) (equations 17) 

Normalise P(ωi|xj) (equation 18) 
 
End 
 
Each xi belongs to the cluster with the largest probability. 

Return µµµµI and the memberships for all i.  
Stop 

1.3.7 The prospects of succeeding with the classification 
In the clustering, a decision, or classification has to be made whether two diffraction patterns represent the same 
orientation or not. Much of this work is based on the results of Huldt et al [8]. In their work they present an 
analytical solution to the classification problem. They connect the number of incident photons with the size of 
the particle and the resolution. In this study lysozyme is used as a model protein. lysozyme is a relatively small, 
spherical shaped protein of about 164 amino acids. Its radius is about 40 Å if it would have been spherical. The 
article of Huldt et al tells us that in order to get a reasonable certainty of classification, at a certain resolution, it 
is necessary to increase the number of incident photons to 1e15 for resolutions of about 3 Å for lysozyme. If 
clustering can be performed at 1e15 incident photons for lysozyme a corresponding clustering can be performed 
for a particle with radius 500 Å at 3e11 incident photons, which is acceptable.  

1.4 Orientation reconstruction 

1.4.1 Orientation reconstruction in electron microscopy 
In X-ray crystallography, the relative orientation of different views of a sample is known. The crystal is rotated 
in order to achieve different directions of the incoming X-rays. In X-ray free electron laser experiments the 
orientation will not be known since the particles will be put into the beam at random orientation. This leads to 
the need for a method of angular orientation reconstruction in order to recover the relative orientation of the 
images. In electron microscopy such a method is already available but there are some major differences [12]. 
First of all, in electron microscopy, the images (micrographs) are in real space and two dimensional, thus they 
have more degrees of freedom since they may not be aligned from the beginning. In Fourier space all images 
have the origin in common and three degrees of freedom. An essential difference is that in Fourier space, the 
images represent the values on spherical surfaces and the intersects of the surfaces will provide a three 
dimensional fix. In electron microscopy the Fourier transform of the images are planes with a common line. This 
means that two spherical surfaces are enough to determine the relative orientation of two images while the 
orientation problem in electron microscopy need an extra image in order to lock the rotation around the hinge 
axis of the first two images.  

 
In order to find the common line in two micrographs, after alignment, lines representing a candidate common 
line are put in a matrix. The lines are sampled from 0 to 2π [12]. In Figure 5 the sampling on a micrograph is 
illustrated. When the matrices are filled, each line from the first matrix (representing the first image) is cross-
correlated with each line from the second matrix.  Cross-correlation is used since the lines may not be totally 
aligned. The lines are sometimes called sinograms because when plotting the matrix it looks like a sine function. 
The result is a two dimensional correlation matrix where each point (i,j) represent the correlation between line i 
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and line j (i and j also correspond to two angles). The highest peak in this correlation matrix corresponds to the 
two angles of rotation. In electron microscopy, a parabolic function is fitted to a local area with centre on the 
largest value of the correlation matrix [13]. This curve fitting procedure compensate for bad sampling at the 
position of the peak and helps in determining the largest value more accurate. 
 

 

A similar approach has been tried in this study. Two spherical surfaces that both have the origin in common, 
intersect in at least one point. The intersect (see Figure 6 for an example of two intersecting Ewald surfaces) is a 
circle in a plane (see appendix for derivation of the intersect). The circle can be calculated for different rotations 
and the value on the circle can be interpolated. A similar correlation matrix, as in the electron microscopy 
procedure, is used but with the difference that this matrix is dependent on three variables (angles) C(Φ, Θ, Ψ), 
rather than two variables. Another difference is that the cross correlation is not used. Instead the correlation 
coefficient (see appendix) is used since it is known that the circles are aligned: they have the origin in common. 
The correlation matrix can then be searched for the largest coefficient.

Figure 5: Illustration of sampling on a 
micrograph. Four possible common lines 
are sampled. The common lines are 
straight lines and provide a hinge axis for 
two micrographs. 

Figure 6: Two intersecting Ewald surfaces. 
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2 Methods 

2.1 Clustering 

2.1.1 Model protein 
In this study, lysozyme has been used as a model protein for simulating a diffraction imaging experiment. 
lysozyme is a relatively small protein of 164 amino acids. This particular lysozyme originates from E-coli 
infected with bacteriophage t4. It can be inscribed in a unit cell with dimensions [61.2, 61.2, 96.8] Å. The size 
and shape was crucial for the choice of protein. The size should not be too large. The Nyquist criterion for 
sampling is determined by the size of the protein. A small protein need less sampling for a desired resolution. 
The sampling is in turn important for the time of the simulation. The shape is important for simplifying the 
clustering. If for example a small molecule (a few atoms) should be used there would be a high probability of 
many views of the molecule being similar when only rotating by one angle. This could result in elongated 
clusters. In preliminary studies it should be as simple as possible thus the correlation of views should decrease 
equally with all angles. Ideally the protein would have been completely spherically shaped. The structure of 
lysozyme was downloaded from the Protein data bank [14]. 

2.1.2 Creating a dataset 

2.1.2.1 Molecular transform 

First of all data from a single particle diffraction experiment have to be simulated. The electron density of 
lysozyme was Fourier transformed using the method described in section 1.2.9 and the result is the molecular 
transform of lysozyme. The molecular transform was calculated in a box with centre at the origin and 
dimensions 1x1x1 [Å-1] corresponding to a resolution of 2 Å. The wave length was 1 Å. The sampling density 
was 301 samples in each dimension (distance between two samples was 1/300) which is roughly 6 times over 
sampling with respect to the Nyquist criterion. 

2.1.2.2 The coordinates of an Ewald surface 

The data from an experiment consists of diffraction images registered on a detector which is square shaped. The 
coordinates in Fourier space are located on an Ewald surface. The coordinates of the detector are mapped onto 
the Ewald surface. Mapping is made by dividing each coordinate r = (x,y,z) on the detector by the Euclidean 
distance to the centre of the Ewald sphere. Then the scaled coordinate r' = (x',y',z') being on a unit sphere with 
centre at the origin is multiplied by 1/λ and translated 1/λ in the opposite direction of the normal vector of the 
sphere so that the origin of the sphere is at the centre of the Ewald sphere.  
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After the mapping the coordinates are being reoriented with random Φ and Θ angles (the Ψ angle is not used 
avoiding the in plane rotation). The intensities of the Ewald surface are interpolated from the squared modulus of 
the molecular transform described in the previous section. The distance from the sample to the detector was 41 
cm. The detector dimensions were 30x30 cm2 with a total of 64x64 pixels. 

2.1.2.3 Random angles 

The Φ and Θ Euler angles for each diffraction image were sampled randomly so that the normal vectors of the 
Ewald surfaces were limited to an octant of the unit sphere. If ui is a sample from a uniform distribution on the 
interval [0,1] then  
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The Θ angle is sampled non-uniformly; a uniform sampling would lead to a denser sampling near the poles. It is 
the same probability to get a sample near the pole although the area is smaller which demands an adjustment for 
uniform distribution on the sphere [15].  

2.1.2.4 Interpolation 

The calculations of the molecular transform are very computationally heavy, and the data set should consist of 
thousands of diffraction patterns evaluated on Ewald surfaces as described in the previous section. Instead of 
doing the calculation thousands of times it is done one time where the whole Fourier space up to a certain 
resolution is filled with a uniform spacing. The result is a 3-dimensional matrix. Then the diffraction patterns are 
evaluated by interpolation on the element of the squared modulus of the matrix. Interpolation is faster and thus 
time is being saved although at the expense of interpolation errors. The method was a cubic interpolation 
method, implemented in the Matlab software, which proved to be both accurate and fast enough. Some time 
could be saved by using the Centro symmetry of the squared modulus of the molecular transform. Since I(k) = 
I(-k), the coordinates of the Ewald surface that was to be evaluated could be mapped on the centro symmetric 
copy and then mapped back again after interpolation. Thus the matrix was reduced by almost half by e.g. 
keeping only the positive h-axis. Due to edge effects of the interpolation method, some values on the -h axis had 
to be kept. 
 
The diffraction intensities are always larger or equal to zero. In the interpolation method, negative values can 
appear. This is dealt with by searching for negative values in the diffraction images and putting these to the 
machine precision (2.2204e-16).  

2.1.2.5 Vector form of the diffraction images  

The diffraction images are 64x64 matrices. For convenience of calculating distances and clustering methods, 
each image is concatenated into a vector. In this operation each column of the matrix is placed on top of each 
other and after taking the transpose; the result is a 4096 element long row vector. Another representation of an 
image that will be used as a reference is the normal vector to the Ewald surface discussed in section 1.2.6.  

2.1.2.6 Adding noise and scaling the data   

The preliminary clustering was made on noise free data, but later noise was added to simulate a more realistic 
case. The diffraction patterns were scaled with the solid angles. A pixel, on the detector, span different solid 
angles as discussed in section 1.2.7. The photon count in a pixel is proportional to the solid angle and therefore 
the intensities have to be scaled. The solid angle is approximated to be, 
 

2/ rAΩ =  (21) 
 
where A is the area of the pixel and r is the distance from the centre of the Ewald surface to the centre of the 
pixel on the detector.  
 
Data were corrected for the angular dependence of Thomson scattering as well. The Thomson scattering is the 
scattering from a single electron and is described in section 1.2.7.  
 
Poisson noise was added to the diffraction images. The probability of a photon count is given in 1.2.7 equation 5 
where W given by the time integrated number of photons scattered in a pixel. The Poisson noise is added by 
sampling from a Poisson distribution with the expectation value given by the scaled diffraction intensity. The 
method for sampling was implemented in the Matlab software. It is based on a method of Ahrens and Dieter for 
large expectation values and a waiting time algorithm for small expectation values [16]. 

2.1.3 Data reduction 
The vector length of a diffraction image is 4096 where each element is considered as a variable. The data set 
consists of perhaps, in a real case, 10 000 diffraction images. This means that the data set will allocate 328Mb of 
memory and the number might grow even larger. This is not very critical with modern computers but it is critical 
in the clustering procedure where distances between vectors have to be calculated numerous times. It would 
therefore be an idea to reduce the number of variables. Principal component analysis (PCA) was used for this 
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purpose (see appendix section 5.1.7). The number of principal eigenvectors that had to be used was examined 
and compared to the Nyquist criterion.  

2.1.4 Clustering 

2.1.4.1 Evaluation of clustering methods 

The data set was produced so that the normal vectors of the Ewald surfaces covered only an octant of the whole 
sphere. Different clustering methods were tested in order to understand their properties. Hybrid methods 
consisting of several individual clustering methods were also tested. A number of measures for testing the 
outcome of a clustering procedure were evaluated. First, no noise was added to the data set. The methods used 
for clustering without noise are summarised in the following list:  
 
1. Hierarchic clustering 
• Single linkage 
• Complete linkage 
• Average distance 
• Ward criteria 
• Centroid distance 
2. K-means clustering 
3. Fuzzy K-means clustering  
4. Hybrid techniques with hierarchic clustering as initial centroids 
• Complete linkage followed by K-means 
• Average distance followed by K-means 
• Ward criteria followed by K-means 
 
The best clustering procedure (Hierarchic clustering using Ward criteria followed by K-means) was refined 
using an on-line K-means algorithm (post processor) with the Ward criteria (see next section). In the K-means 
procedure (point 2 in the list) 3 runs were made with a different set of random mean vectors as starting guess. 
The best of the 3 runs was taken as the result. 
 
Noise was added and clustering was performed using the best clustering procedure, with and without post 
processor. Different levels of the number of incident photons were considered when clustering (Win = 1e14, 1e15 
and 1e16 photons). The number of incident photons strongly affects the statistics of the diffraction patterns. A 
higher level of photons means less Poisson noise. As discussed in section 1.3.7 statistical considerations 
predicted a failure for lower number of photons. 

2.1.4.2 Clustering programs 

The clustering was performed in Matlab where K-means and hierarchic clustering are implemented methods. A 
Fuzzy K-means algorithm was implemented as the post processor as well. A short description of the post 
processor as well as some convergence options for the Fuzzy K-means method is described below. 

2.1.4.3 Fuzzy K-means 

The method was implemented as described in the pseudo code in section 1.3.6. The convergence criterion is that 
the maximum distance between centroids (the distance for centroid belonging to a cluster and the same cluster 
centroid at the next iteration is calculated) at iteration i and i+1 should be smaller than a certain threshold. The 
fuzzy parameter was set to 2. 

2.1.4.4 Post processor 

The Ward criterion seemed to suit the problem very well, and other measures (2.1.5) of clustering agreed with 
this. Both hierarchic and K-means clustering are suboptimal solutions of the clustering problem. A better 
solution in terms of the chosen criterion is most likely to exist. Therefore an extra refinement method was 
developed. This method starts with the clustering result from the best hybrid method. The sample vectors are 
tested one by one if switching to another cluster might improve the Ward criterion of the partition. If a sample 
vector changes cluster, all parameters are updated immediately. The method guarantees to improve, or at least 
not worsen, the Ward criterion even though the optimal solution may not be reached. The algorithm is described 
by the following pseudo code: 
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Start 
Variances: Calculate all the intra-class variances of the clusters. The calculations equal the number of 
clusters. The result is a vector.  
 
While: criterion 
 

For: i = 1 to the number of sample vectors  
 
Sub_variance: Calculate the intra-class variance for the current cluster of the sample vector, 
removing the vector from the cluster. That is, all vectors (in cluster belonging to vector i) except 
for vector i is part of this calculation. The result is a number.  
 
For: j = 1 to number of clusters 
 
Add_variances: Calculate the intra-class variance for cluster j when vector i is added to this 
cluster. The result is a vector. 

 
End For 
 
Vector i is allowed to change membership to cluster k if  

( ) ( ) ( ) ( )ikik VariancesVariancesceSub_varianceAdd_varian +<+     

That is, the total intra-class variance has been reduced. 
 
If: change of cluster   

Variances(i) =Sub_variances(i) 
Variances(k)=Add_variances(k) 

End If 
 

End For 
 
If no cluster has switched, criterion is met.  
 

End While 
STOP 

2.1.5 Clustering performance measures 
The result of the clustering has to be tested in some way. Two different groups of measures have been used for 
this purpose. The first group is not based on the a priori knowledge of the actual orientation of the diffraction 
patterns. These measures could be used in a real experiment and could therefore be used as a clustering criterion.  
 
The Ward measure: The Ward criterion (see appendix 5.1.9) can be divided into two parts: the within class 
variance and the inter class variance. The within class variance is simply the variance inside a cluster. This 
should be kept small since compact clusters are desired. The inter class variance is the variance between the 
centroids of the clusters. This should be large for the clusters to be well separated. The ward criterion is 
constructed to partition the data so that these two parameters are optimized. Different partitions could therefore 
be compared by the ward criterion. The ward measure is here defined as the mean within class variance divided 
by the inter class variance (note that there is a difference between ward measure and ward criterion). The total 
intra class variance and inter class variances are calculated by first calculating the variance for each variable like 
in appendix 5.1.9 and then adding the variance of each variable as described. 
 
The distortion measure: The distortion measure calculates the distance d1 between two data point, and the 
distance d2 between the centroids of the clusters. The absolute difference between d1 and d2 gives a clue of how 
much the clustering has distorted the actual distances. All these differences are summed and divided by the sum 
of d1.  
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Here N is the number of data points, dij is the distance between data point i and j and dij
* is the distance between 

the centroid of cluster i , to which data point i belong, and the centoid of cluster j, to which data point j belong.  
The distortion measure should be as small as possible for compact clusters [11] 
 
The second group of measures is based on the normal vector representation of the Ewald surfaces and requires 
the knowledge of the angles, used to rotate the Ewald surfaces, when creating the data set. 
 
The solid angle: The solid angle of a cluster should be small. The solid angle is given by the area spanned by the 
normal vectors of the Ewald surfaces in one cluster divided by the squared distance to the centre of the area. The 
distance is equal to one for all clusters since the normal vectors are normalised. The area of the clusters is 
approximated to be a square. Since only two angles are used, the extremes in Θ angle and Φ angle are used to 
calculate the maximum distances, in Θ and Φ dimension, inside the cluster. These distances are used for an 
approximate calculation of the area. The mean solid angle and the variance of the solid angles should be as low 
as possible. The theoretical mean area is  
 

clTheoretica NS /4 ⋅=Ω π   (23) 
 
where S is the proportion of the total area covered in the experiment. In this study only an octant of the whole 
surface was used so S = 1/8. Nc is the number of clusters. The mean solid angle from the experiment can be 
compared to the theoretical value.  
 
Ellipticity measure: The ellipticity of the cluster can be caclulated by dividing the smallest dimension of the 
cluster by the largest. An elongated cluster will thus result in an ellipticity measure smaller than one while a 
compact cluster will have a shape measure 
close to one.  
 
Both the solid angle and the ellipticity measure 
work only for clusters with more than two 
members. 
 
Fisher measure: The Fisher measure is the 
most complicated of the performance measures 
(see appendix 5.1.8). It is used for checking if 
any sample has been wrongly classified. The 
basic idea is to find a vector that separates two 
clusters the most and to project the normal 
vectors of the Ewald surfaces onto this vector. 
On the vector, the distance between two cluster 
centroids is maximised and the within-class 
variances are minimized. After projection, the 
clusters can be plotted using histogram 
methods (see figure Figure 7). It is easy to see 
an overlap. The vector is normalised so that the 
distribution of the clusters fit on the Fisher 
vector with length one. The overlaps can be 
calculated and the average and variance of the 
overlaps can be useful information. 
 
Variance of members in cluster: The variance of 
the number of members in each cluster is a 
measure of the homogeneity of the partitioning 
in the clustering. It is desirable that the variance 
should be low if the original data is uniformly 
scattered. 

Figure 7: Fisher projection of two clusters. Two 
neighbouring clusters were projected on the Fisher vector. 
Blue and red bars are the counts in a particular bin on the 
vector. On the x-axis is the normalised value on the Fisher 
vector.  
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2.2 Orientation reconstruction 
This section describes the way to determine the relative orientation of two Ewald surfaces by means of the 
angles Φ, Θ and Ψ. One Ewald surface is considered to be fixed and has its normal vector in the z-direction. The 
other Ewald surface has been rotated using the rotation method described below. The coordinates of the second 
Ewald sphere is not known in reality so it is also handled as if the normal vector pointed in the z-direction. 

2.2.1 Rotation method 

The rotation is described by three angles Φ, Θ and Ψ. In this rotation method, the object and an imagined 
coordinate system is rotated and then expressed in the fixed old coordinate system. The first rotation is counter 
clockwise around the z-axis. The next rotation is counter clockwise around the new x-axis. The final rotation is 
counter clockwise around the new z-axis. The rotation can be performed using three rotation matrices RΦΦΦΦ, RΘΘΘΘ and 
RΨΨΨΨ. A vector v is rotated using the following operation: 
 

vRRRv' ΨΘΦ ⋅⋅⋅=   (24) 

 
See appendix 5.1.6 for more information on the rotation matrices.  

2.2.2 Normalisation of the circle 
The diffraction pattern will have larger values in the low resolution region, close to the origin, than in the high 
resolution region. This is due to the probability distribution of the diffraction intensities and the Thomson factor. 
When calculating the correlation coefficient, the central part will have a higher impact on the result, thus there is 
a need for normalisation of the values on the circles before correlation is made. 

2.2.2.1 Impact of the low resolution part 

In this test a circle with maximum radius was correlated with itself to see how much of the correlation coefficient 
was contributed by the low resolution part. The correlation coefficient is plotted against resolution where more 
and more of the high resolution part of the circle, is used. First the correlation coefficient consists of only the 
lowest resolution e.g. only parts of the circle is used in the correlation. A certain resolution is associated with 
each pixel on the circle. When more and more of the circle is used, more high resolution pixels are used. The 
highest resolution is given by the x-axis in the plot so a certain resolution at the x-axis means that the correlation 
coefficient is calculated using the minimum resolution up to the resolution given by the value on the x-axis. 

2.2.2.2 Signal to noise ratio versus resolution 

If the low resolution part improved the discrimination between two circles, there would not be a problem. One 
measure of the discrimination is the signal to noise ratio (SNR). The definition of signal to noise ratio is given in 
the appendix. A fixed radius of circle was chosen. The circle was rotated by the Φ angle on a diffraction pattern 
from 0 to 2π and the values on the circles were calculated. The correlation coefficient between the first circle and 
all other circles were calculated. In this test, which was just a preliminary test just to see some trends, the signal 
was approximated to be the value of the correct circle correlated with itself. The noise was considered to be all 
the other correlation coefficients. The signal to noise ratio was calculated for different values of the lowest 
resolution used in the correlation. The highest resolution was fixed. This was done using three different 
normalisation procedures.  The first procedure was simply, no normalisation at all. In the second procedure, the 
circles were logaritmised using the logarithm with base 10. The third normalisation used the fact that every pixel 
on the circles correspond to the same resolution. Considering the probability distribution of the diffraction 
intensities a standard deviation at a certain resolution can be estimated using all the circles that are to be 
correlated with each other. This is done in the third procedure, where every resolution position is divided by the 
standard deviation of that pixel position. 
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2.2.2.3 Principal component analysis (PCA) 

In order to see if there is any resolution part that has some extra importance in describing the variance of the 
circles, a PCA was performed using the same conditions as in the signal to noise ratio test. The circles were 
divided by the standard deviations as in the last normalisation procedure in the signal to noise test. The principal 
Eigenvectors were calculated as well as the variances described by these. The three first Eigenvectors were 
studied and a so called Scree plot was made. In a Scree plot, the variance described by each Eigenvector and at 
the same time the cumulative sum of the variances, are plotted versus the number of Eigenvectors. This is a good 
way to see if a major Eigenvector exists. For more information on PCA, see appendix 5.1.7. 

2.2.3  Reconstruction procedure 

Using the rotation method described before, the radius of the intersecting circle is determined by the Θ angle. 
Consider the first Ewald surface, which is fixed, with its normal vector in the z-direction. The x,z-plane is the 
starting plane of intersection. The normal vector of this plane is in the positive y-axis. The Θ angle rotates the 
plane around the x-axis. The intersection of two Ewald surfaces is in this plane. While the plane rotates around 
the x-axis, the radius of the intersecting circle will decrease and at Θ = π/2 it will be zero and the intersect 
consists of only the origin. To get all possible intersects on the first fixed Ewald surface, the plane is rotated 
around the z-axis using the Φ angle, before tilting the plane. The same thing is done for the second sphere. The 
Ψ angle is always zero, but the Φ angle used to rotate the second sphere, corresponds to the Ψ angle in reality. 
 
The Θ angle is the same on both Ewald surfaces since it determines the common radius of the intersecting circle, 
but there is one difference. The positive Θ angle on the first Ewald surface corresponds to a negative Θ angle on 
the second Ewald surface. This also determines the relation between the tilt of the plane (Θplane) and the Θ angle 
used to rotate the second Ewald surface (Θreal): 
 

planereal Θ⋅=Θ 2   (25) 
 
This relation will be used frequently to describe the properties of the orientation reconstruction. Bear in mind 
that when referring to the Θ angle, it is the angle by which the Ewald surface (Θreal) has been rotated and not the 
plane (Θplane), otherwise it will be stated that the Θ angle of the plane has been used. In Figure 8 some examples 
of the sampling of common lines are shown.  
 

 

Figure 8: Sampling of possible common lines. In a) Θ = 0, Φ1 = 0 and Φ2 = π/4. In b) Θ = π/6, Φ1 = 0 and Φ2 = 
π/4. Note how Θ determines the bend of the lines! The lines do not go out to the edges because the interpolation 
method needs some extra pixels. 

2.2.3.1 Centro symmetric intersect  

Due to the Centro symmetric nature of the diffraction intensities there will be a second intersect between two 
Ewald surfaces (see Figure 9). For the derivation of the relation between the ordinary intersect and the Centro 

a) b) 
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symmetric one, see appendix 5.1.4. The result of the derivation is 
that the Centro symmetric copy, which actually is a mirror 
construction when aligning the two Ewald surfaces, is rotated by 
π in the Θ angle. Also, the circle of intersect will be inverted, that 
is, the first pixel on the circle on the first Ewald surface is the 
same as the last pixel on the circle on the second Ewald surface. 
The last condition is caused by the Centro symmetric Ewald 
surface being a mirror image of the original Ewald surface.  
 
How can the Centro symmetry be used? The Θ angle can 
practically only be on the interval [-π+∆, π-∆] since at the limit Θ 
→ ±π the intersecting circle will be only a single point. The 
smaller the circle the less independent pixels it will consist of.  
But the information is not lost. In the Centro symmetric 

correlation matrix Θ = π correspond to Θ = 0 and the 
neighbourhood of  Θ = ±π to the neighbourhood of Θ = 0. In the 
original correlation matrix there will be Centro symmetrical 
disturbing peaks at Θ close to π which is another reason for 
switching to the Centro symmetric correlation matrix in that case. 
The problem is to identify these cases. The method used, is to 
analyze the distribution of peaks in both correlation matrices. The matrix with lowest variance is chosen. In that 
matrix, it is more likely that the correct peak is not surrounded by disturbing peaks. The distribution of the 
correlation coefficients was studied using histograms as well as a method for testing if data can be considered 
normally distributed. This method plots the probability versus the data. The y-axis is transformed so that each tic 
on the axis corresponds to the integral between two quintiles. This means that the y-axis is symmetric around the 
median 0.5. A linear curve fit is performed between the 0.25 and the 0.75 probability tics. Data should not 
deviate much from the fitted curve for a normal approximation to be valid. 

2.2.3.2 Calculating the coordinates of the circle 

The intersecting circle is in the plane of intersect. The tilt of the plane is determined by the Θ angle. The tilt of 
the plane also determines the radius of the circle. The derivation of the radius can be found in the appendix. 
Since not whole spheres are used, the circle will not be closed at the high resolution. There is also a need to 
remove the central region since in an experiment a beam stop will be used. Thus the very low resolution part will 
be missing. This means that the intersect between the circle and a resolution circle has to be calculated. One 
resolution will form a circle on the Ewald surface. The intersecting circle has to be cut at a high resolution circle 
and at a low resolution circle. These intersects can be translated into cut off angles, α1 and α2. α is the parameter 
that describes the position on the circle in a plane. The plane considered is the x,z-plane which gives the circle 
coordinates, 
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where R is the radius of the circle. α goes from -π/2 to 3π/2, when not considering the cut offs, passing through 
the origin at π/2. α1 specifies a high resolution cut off which determines the start and final angle. α2 specifies the 
cut off in the low resolution region. α is therefore defined on the interval [π/2-α1,π/2-α2] ∪ [π/2+α1, π/2+α2]. 
The derivation of the relation between the cut off angles and resolution can be found in the appendix. When the 
coordinates of the circle has been defined in the x,z-plane, they are rotated by Φ and Θ angles using the rotation 
matrices. The lowest resolution used was 30 Å. The number of data points on the circle was 80. 

2.2.3.3 Interpolation method 

When the circle has been rotated, it is projected on the x,y-plane. This is also done for the Ewald surface. The 
projection is the reversed operation than the one described in section 2.1.2.2. The projected circle is an ellipse. 
The values on the ellipse are interpolated from the Ewald surface using a cubic interpolation method already 
implemented in Matlab (see 2.1.2.4) .  
 
Above a certain level of high resolution, no values exist on the Ewald surface. This would cause edge effects on 
the interpolation if no precautions were taken. The circles were cut off at the highest resolution plus 0.3. The cut 
off resolution was 3.1 Å after the adjustment.  

Figure 9: Two Ewald surfaces and their 
Centro symmetric copies. The total 
number of intersects that can be found is 
two common lines on each diffraction 
pattern. 
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2.2.3.4 Pseudo code of the orientation reconstruction algorithm 

The following pseudo code describes the procedure to find the correlation matrix and how to determine the 
angles from the correlation matrix. The number of samples (circles) was 125 for each dimension of the 
correlation matrix. 
 

START 

For: Θ goes from -π/2-delta to π/2-delta, uniformly spaced 
For: Φ goes from 0 to 2π, uniformly spaced 

• Θ determines the radius of the circle. The coordinates of the circle when being in the x,z-
plane, is calculated. 

• The coordinates are rotated by Φ and Θ angle.  
• The coordinates of the two Ewald surfaces and the circle are projected on the x,y-plane. 

• The values on the circle (which now has become an ellipse) are interpolated from the 
projected Ewald surfaces.  

• The result is stored as a row vector in a two matrices, one for each Ewald surface. 
End For  

Each matrix is stored as an element in a cell array (one matrix for each Θ angle) 
End For  
 
For: index i 

• Matrix 1 and matrix 2 are taken from the cell arrays. 

• Matrix 3 is defined as matrix 2 with inverted rows. 

• Matrix 1 and matrix 2 are both used to estimate the standard deviation at each resolution 
 (Each column correspond to one specific resolution) 

• Matrix 1 and matrix 3 are used to estimate the standard deviation at each resolution.  

• Each column in all matrices is divided by their corresponding standard deviation. 

• All rows of the matrices are subtracted by the mean of each row and divided by standard 
 deviation of each row. 

• ( ) ( )
1

21
1 −

⋅
=

pixelsN

matrixtransposematrix
iC  (ordinary correlation matrix) 

• ( ) ( )
1

32
2 −

⋅
=

pixelsN

matrixtransposematrix
iC (centro symmetric correlation matrix) 

• Npixels is the number of pixels on a circle. C1 is the usual correlation matrix and C2 are the 
 Centro symmetric correlation matrix 

End For  
 

• The variances of each of the two correlation matrices are estimated: The matrices are concatenated 
and each correlation coefficient is used as a sample to estimate the variance. 

• Choose the matrix with lowest variance.  
• Determine the coordinates for maximum in the matrix 
 
If variance C1 < variance C2 

 

Φ = Φfound 

Θ = 2·Θfound 

Ψ = 2π-Ψfound 
 

Else 
 

Φ = Φfound 

Θ = 2·Θfound - π 
Ψ = 2π-Ψfound 
 

End 
STOP 
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The reason for subtracting Ψfound from 2π is that since the rotation of a circle and the Ewald surface is both in the 
same direction (counter clockwise), the intersect on the Ewald surface will appear to be at -Ψfound which using 
periodicity will be equal to 2π-Ψfound . The correlation matrix have periodic boundary conditions in all 
dimensions but in Θ dimension there is a discontinuity since there are some samples missing around Θ = ±π. The 
Θ angles were cut off at about Θ =± 1.5 (∆ = 0.0725).  
 
There will be two peaks in each correlation matrix corresponding to the same rotation. The second peak is an 
artefact of the method and originates from the fact that the normal vector of the plane could switch sign without 
changing the plane (see appendix). Which one is found only matters when comparing the results. The rotation by 
the two different sets of angles will have the same effect. The second peak is related to the first by. 

π

π

+Ψ=Ψ

Θ−=Θ

+Φ=Φ

1,2,

1,2,

1,2,

foundfound

foundfound

foundfound

  (27) 

2.2.4 Sampling density in theta direction 
A one dimensional curve fitting was performed in order to see how correlation coefficients, around a maximum, 
decreased moving away from the maximum. This was studied changing only one angle at the time. Two Ewald 
surfaces were rotated with respect to each other changing only one of the three Euler angles. A set of correlation 
matrices (which in this case only needed to be a vector since only one angle was changed) were calculated (one 
matrix for each orientation). A second degree polynomial was fitted to the correct peak. The coefficient in the 
polynomial describing the width of the peak was plotted versus the angle. This was done when changing the Θ 
angle and the Φ angle one by one. Curve fitting was performed using an implemented method in Matlab.
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3 Results and discussion 

3.1 Clustering 

3.1.1 Principal component analysis 
The diffraction pattern was represented as a vector where each variable in the vector represent a pixel in the 
image. The set of sample vectors (concatenated diffraction images) were normalised with the standard 
deviation of each pixel. The normalisation resulted in comparable sizes of the intensities in low and high 
resolution regions. The Eigenvectors and principal components (see appendix 5.1.7) were calculated and 
the corresponding variances described by the Eigenvectors were analysed (see Figure 13). About 99.3% of 
the variance in the data set could be described by the first 500 Eigenvectors. At exactly 1000 Eigenvectors, 
100% of the variance is explained. This is an obvious result since the data set consisted of 1000 samples. 
There is no need for more variables than the number of samples. The appearance of the Eigenvectors tells 
us what parts of a diffraction pattern that are important in describing the variance in the data set.  

 

In Figure 10: Principal Eigenvectors for noise free data and noisy data. The principal Eigenvectors for a 
data set with 1000 samples, limited to one octant of diffraction space, were calculated. The three first 
Eigenvectors are visualized in a), b) and c) for noiseless data. In d), e) and f) Poisson noise was added. The 
total number of incident photons was 1e14. Clear diffraction structures can be seen in the noiseless 
Eigenvectors a), b) and c) while in the already in the third Eigenvector f) there is just noise for noisy data. 

 
In Figure 10 the first the three Eigenvectors (Eigenimages) are shown for noise free data as well as for very 
noisy data. No obvious trend can be seen in the noisy Eigenimages and it seems like already the second 
most important Eigenimage describe mostly noise.  
 

The principle of how the image can be reconstructed using PCA is illustrated in figure Figure 11. In  
Figure 12 one of the sample vectors is plotted in the new coordinate system (only the first 500 principal 
components) as well as the standard deviations (root of variance gives the same unit as the data values) 
associated with the Eigenvectors. It is clear from the plot that there are larger values in general for the first 
principal components, totally in agreement with the standard deviations. 

a) b) c) 

d) e) f) 
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Figure 11: Linear combination of Eigenvectors. The image is reconstructed by a linear combination of the 
Eigenvectors. In a) only three Eigenvectors are used. The central part (low resolution) is well approximated. 
40 Eigenvectors are used in b) and the well approximated part increases. In c) 500 Eigenvectors reconstruct 
the original image d) almost perfectly. The Eigenvectors are calculated using a data set of 1000 samples 
limited to an octant of the total diffraction space. The image d) that is reconstructed in a), b) and c) is an 
arbitrary chosen sample from the data set. 

a) b) 

c) d) 
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Figure 12: Image vector expressed as principal components. 500 principal components. 99.3 % of the total 
variance was described by the first 500 Eigenvectors. Here an image is represented as a vector of length 500 
where each variable is along an Eigenvector coordinate. In general large values can be seen for the 
variables along the first few Eigenvectors. This is in agreement with the standard deviation curve (red). The 
image is arbitrary chosen. 

The number of independent pixels in a diffraction image is given by the space-bandwidth product. The 
electron density only has significant values inside a cube with the dimension of the molecule. The molecule 
has the dimensions [60.2, 60.2, 96.8] Å. A mean value of the side of the cube would be [70.2, 70.2, 70.2] Å 
=[d, d, d] Å if a spherical molecule was considered. The Fourier transform of the electron density is band 
limited since only Fourier coordinates up to a certain resolution is available. The space-bandwidth product 
is given by [17] 
 

333 LBM ⋅=   (28) 

 
where B3 is the band limited enclosed volume in Fourier space and L3 is the cube in which the molecule can 
be inscribed. The subscript 3 stands for 3-D. Since we are working in two dimensions, the formula becomes 
 

( )22 2 dM ⋅−⋅= sin kk   (29) 
 
if the surface in Fourier space is a square (the diffraction images are square shaped so the formula should be 
valid in our case). Another way to derive the same expression is by using Bragg's law. If the molecule is 
repeated with the spacing d between centres of the repetitions, the number of diffraction spots in 1-D will 
be: 
 

( ) λ/2/sin21 Θdn ⋅⋅=   (30) 
 
where Θ is the angle between kin and ks. sin(Θ /2)/λ is exactly equal to |kin-ks|/2. This gives only half the 
number, since only positive angles are considered so far. The final formula is  

[ ] 2
2

2 2 Mdn =⋅−⋅= sin kk  (31) 
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Figure 13: % of total variance described by Eigenvectors. On the x-axis is the number of Eigenvectors and 
on the y-axis is the total variance in %. It is the cumulative sum of the variances described by each principal 
Eigenvector on the x-axis. The Eigenvectors are ordered in descending order of the variance they describe. 
In a) noiseless data sets, limited to an octant of diffraction space, have been used. The first data set 
contained 1000 samples and the second 5000 samples. In b) Poisson noise has been added to the data sets 
used in a). In c) a noise free data set of 5000 samples, not limited to any particular part of diffraction space, 
has been analyzed. 

 

1000 samples 
5000 samples 

a) b)

c) 
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Figure 14 Clusters in normal vector representation. Here some of the clusters that were calculated when 
clustering on the noise free data set with 1000 samples. The clustering method was hierarchic clustering 
followed by K-means. Each dot is a sample in the data set. The clusters are marked with different symbols 
in different colours. Only some of the clusters are shown for improving visualization. The numbers in black 
are the cluster numbers. Note that on top some elongated clusters have been created. This might be due to 
edge effects of the truncated data set that has been used. 

 
The theoretically calculated number of independent pixels is about 2000 using a minimum resolution of 
2.85 Å (note that the detector is a square and from the centre to one side is the minimum resolution but 
from the centre to the corner there is a higher resolution). This is about 4 times more independent pixels 
than the number of significant principal components. But one should bear in mind that the PCA is based on 
the data set which is only 1000 images for this test. If the number of samples is smaller than the dimension 
of a sample (an image vector), then the number of Eigenvectors, describing all the variance in the data set, 
will be equal to the number of samples. This is obvious since it is possible to separate all the samples from 
each other in a space where each dimension corresponds to a sample. The PCA does this but in a better 
way. The reason for the number of Eigenvectors needed being so small is perhaps that some of the images 
are very similar and almost depend on each other (remember that the data set is created at only an octant of 
the possible space). A more general data set would show this. A few different tests were made to 
understand the nature of the data compression. In figure Figure 13 this is summarised. When noise is 
applied to the data set with 1000 samples the number of Eigenvectors needed increases. The larger data set 
including 5000 samples, still limited in the octant, shows the same tendencies. The last data set based on 
5000 unlimited samples (covering the whole sphere) has about 1600 pixels according to the PCA. The 
results show that PCA is a more data set dependent measure of the number of independent pixels. A theory 
that has to be verified is whether the number of independent pixels would coincide with the space-
bandwidth product in the limit where the number of samples increases to infinity. 
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3.1.2 Clustering 
For noise free data a hierarchic clustering followed by K-means, using the centroids from the hierarchic 
clustering as a starting guess, seemed to be the best according to a number of the measures that were used 
for evaluation of clustering. The criterion used in hierarchic clustering was the ward criteria. An iterative 
post processor slightly improved the result. Euclidean distance was used. The results of the evaluation of 
the different clustering procedures can be found in Table 4, section 5.2, and a description of the methods in 
Table 1. The fuzzy K-means result is not included since the result had a tendency to produce a few very 
large clusters and some empty clusters. The result was therefore not comparable to the other methods since 
the number of clusters was different. The fuzzy K-means method did not seem to be ideal for the problem. 
The Hierarchical single linkage was early discarded since elongated clusters were formed preferably. The 
postprocessor was applied to the best result (method number 7) but no improvements were made (no 
sample switched cluster) leading to the conclusion that the partition of samples was optimal. Other cluster 
results could be improved some by the postprocessor but method 7 was the still the best result. An example 
of the clusters can be found in Figure 14 where the clusters are plotted in the normal vector representation. 
 

 
Table 1: Clustering methods fromTable 4. 

For noisy data, a series of 3 levels of the number of incident photons were tested. The results show that 
clustering can be performed from 1e15 photons but improve significantly at 1e16 photons. The results from 
clustering with noisy data can be found in Table 2. 1e15 photons should be enough for classification 
according to Huldt et al (1.3.7) The results in this test support these earlier predictions. There is an example 
of the clustering on noise level 1e15 in Figure 15. 

 

Table 2: Clustering results from noisy data. The same data set, with 
three different levels of noise, was clustered and the result is 
presented here 

1. K-means clustering with Euclidean distance 
2. Hierarchic clustering using complete linkage 
3. Hierarchic clustering using average distance 
4. Hierarchic clustering using the ward criterion 
5. Hierarchic clustering using centroid distance 
6. Hierarchic clustering using complete linkage. The result is used 

as starting guess for K-means clustering.  
7. Hierarchic clustering using ward criterion. The result is used as 

starting guess for K-means clustering.  
8. Hierarchic clustering using average distance. The result is used as 

starting guess for K-means clustering.  
 

Number of photons 1,00E+14 1,00E+15 1,00E+16 
Method 7 7 7 

<Ω>/<Ωtheoretical>  3,70E+01 1,27E+00 8,63E-01 
Variance(Ω) 3,25E-01 4,77E-04 1,24E-04 
Mean(Ellipticity) 9,06E-01 7,91E-01 7,36E-01 
<Fisher overlap> 1,82E-01 7,95E-05 1,42E-06 
Variance(Fisher overlap) 9,85E-02 2,66E-06 3,77E-09 
Distortion measure 7,01E-01 6,30E-01 4,46E-01 
Ward measure 5,91E-02 5,79E-02 2,20E-02 
<Intra-class variance> 3,47E+01 3,49E+01 2,81E+01 
Inter-class variance 5,87E+02 6,03E+02 1,28E+03 
Variance(members in cluster) 1,04E+03 3,62E+01 1,24E+01 
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Figure 15: Clusters in normal vector representation. These are clusters created when Poisson noise has 
been added. The total number of photons was 1e15. The position on the diagram is the true (noiseless) 
position of the image. 

3.1.3 Averaging the images in a cluster 
When a cluster has been found, the next step is to average the images in a cluster. The size of the solid 
angle spanned by a cluster in the normal vector representation will affect the accuracy of the averaging. The 
solid angle Ω is given by  
 

2r

A
=Ω   (32) 

 
The area spanned at a certain resolution d is given by 
 

2

1

d
Acluster ⋅Ω=  (33) 

 
The area spanned by an independent pixel is given by the Nyquist criterion. If the molecule can be 
inscribed in a cube with side a then 
 

2

1

a
Apixel =  (34) 

 
The averaging will be correct up to resolution d if  Acluster < Apixel. This leads to 
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Ω⋅> ad  (35) 
 
or equivalently 
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d
 (36) 

 
The mean solid angle for the clustering on noise free data was 0.0148 sr which correspond to a resolution of 
about 7 Å for Lysozyme. The solid angle would have to be 0.0012 sr for a resolution of 2 Å. If one wants 
10 images in each cluster one would need a total of 1.25·e4 images in the dataset instead of 1000 as in this 
test. Remember also that this study is limited to only two of the three Euler angles. The solid angle for a 
cluster will most probably increase when the third angle also is considered. One should also mention that 
the number 10 images for each cluster is just a guess. The number of noisy images needed to recover the 
original image sufficiently must be investigated further. 

3.1.4 Clustering performance measures 
As said before the clustering performance measures are divided into two groups. One group is not 
dependent on the knowledge of the angles and is suitable for clustering criteria. The intra class variance and 
inter class variance measures how compact the clusters are and how separated the class centroids are. 
Perhaps for our concern the intra class variance is somewhat more important though compact clusters are 
the main criterion although they are expected to go hand in hand. A characteristic for the clustering is how 
many samples each cluster contains. Ideally this should be Ns / Nc where Ns is the number of samples and Nc 
is the number of clusters. The variance of the number samples in each clusters describe that parameter. For 
a very large data set one should expect the variance to decrease since uniform random orientation of the 
molecules is expected. 
 
The distortion measure is a relative to the ward criterion and could be used as a clustering criterion. It 
agrees well with visual inspection of the clustering. 
 
The ellipticity measure is not really a good measure when the clustering performance is bad. Sometimes 
very large clusters are being created which will have the effect that many small single member clusters are 
being created. A single member cluster will have ellipticity measure equal to one, since it is perfectly 
compact. A bad clustering will thus get a better ellipticity value than a better performed clustering. Another 
issue on the ellipticity is the chosen interval of the data set. Only an octant of the possible orientations is 
tested. Edge effects may have a great importance. If figure 12 is studied at the pole and at the edges, 
elongated clusters can be seen. The shape might be an artefact of the sharp edges in the data set and will 
have impact on the ellipticity measure.  
 
The mean solid angle will be large if misclassification is made and is thus a good measure. There are 
however cases where it can be small even if the clustering is bad. For example, if one large cluster is 
created and the rest of the clusters are single membered, then the solid angle for the small clusters is zero 
and the mean value of the solid angles will be small. A more correct measure would be to divide the total 
surface so that each cluster receive a part of that surface, e.g. by using Voronoi division. No cluster would 
then have zero area.   
 
The Fisher measure is a good indicator of misclassification. The property of being a linear discriminant 
function causes some overlaps when two clusters partly enclose each other. These cases could be seen as 
bad clustering since optimally this should not happen so in that sense the Fisher measure is also a clustering 
shape indicator.   

3.2 Orientation reconstruction 

3.2.1 Normalisation of the circles 

3.2.1.1 Impact of low resolution part  

The impact of the low resolution part of a circle, on the correlation coefficient was tested. The correlation 
coefficient is plotted versus the maximum resolution used when calculating the correlation coefficient. In 
Figure 16 this relation is also plotted for the three normalisation procedures. The correlation coefficient for 
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logaritmised and normalised circles vary almost linear with the resolution as the non normalised circle 
clearly is dominated by the low resolution part. 

 

Figure 16: Impact of low resolution on the correlation coefficient. A common line is correlated with itself. 
In the correlation more and more of the common line is used (more of the high resolution). For example, 
the number 20 on the x-axis means that the resolution 30 Å to resolution 20 Å is used when calculating the 
correlation coefficient. The common line has been treated in three different ways (see text). 

3.2.1.2 Signal to noise ratio versus resolution 

In order to test if the low resolution part of the circles had any impact on the signal to noise ratio in the 
correlation matrix, a simple test was performed. On one fix Ewald surface, circles with fix radii were 
rotated, using only the Φ angle, from 0 to 2π-∆. All circles were correlated with the first circle. The signal 
was approximated to be only the correct correlation coefficient. The signal to noise ratio was calculated for 
20 different values on the lowest resolution used in the correlation. The result can be found in Figure 17. A 
similar test, varying the Θ angle instead, resulted in a lower signal to noise ratio, although the trends were 
identical. This result is not shown here. It is clear that the signal to noise ratio is almost constant for 
normalised data and thus should be the preferred normalisation procedure.  
 
The signal to noise ratio test was a quite rough procedure but it served the purpose of seeing a general 
trend. The signal was approximated to be the correct correlation coefficient instead of a whole peak 
consisting of several coefficients. Also, the correlation coefficients were considered deterministic rather 
than stochastic. A better measure would perhaps have been the variance of the signal corresponding to the 
power of the signal. The major problem was that the signal and noise could not be measured separately, not 
even the noise. The problem of not being able to measure the signal without noise is an old problem but 
usually it is possible to measure only the noise. The ratio can then be approximated to be, 
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which is a quite good measure for larger ratios.  
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Figure 17: Signal to noise ratio vs. lowest resolution. A common line is correlated with a set of other 
common lines including itself. The highest resolution is fix (3 Å) the lowest resolution on the common lines 
is varied and given on the x-axis. The signal to noise ratio is calculated. The common line where treated in 
three different ways before the correlation (see section 2.2.2.2). 

3.2.1.3 Principal component analysis 

To visualize if any specific part of a circle, e.g. low resolution or high resolution, has more importance in 
discriminating different circles from each other, a principal component analysis (PCA) was performed. The 
principal Eigenvectors of the same set of circles as in the signal to noise ratio test, were calculated and the 
three Eigenvectors describing the variance the best are plotted in Figure 19. There is no obvious trend and 
the conclusion is that no particular resolution part is better than any other in discriminating between the 
circles. This also motivates the need for a proper normalisation procedure.  
 
A Scree plot illustrating the variances described by the first 10 Eigenvectors can be found in Figure 18. In 
the Scree plot, the variances belonging to each Eigenvectors are plotted as bars, and the cumulative 
variance described by the Eigenvectors together is plotted as a line. The Scree plot illustrates that the 
variances in the set of circles used in this test can be described up to 70% by only 10 coordinates. The Scree 
plot could give a hint of how many coordinates that is needed on the circles for classifying if two circles are 
the same or not (compare with space bandwidth versus principal component analysis as described in section 
3.1.1). Here it was used for evaluating the importance of the different principal Eigenvectors (the first 
Eigenvector describes 10% of the total variance). This would have had been important information if the 
first Eigenvector showed some general trend but since it did not, no conclusions could be drawn from the 
Scree plot. 
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Figure 18: Scree plot. The % of the total variance, that each of the first 10 principal Eigenvectors describe, 
is plotted as bars. The blue line shows the cumulative sum of the variances. 

 
Figure 19: Principal components of the common lines. A PCA was done on a set of common lines. The 
three first principal Eigenvectors are showed. The common lines were sampled with 60 pixels. The low 
resolution is in the middle (30 on the x-axis) and high resolution is at the edges. The Eigenvector vary both 
in the low resolution part and the high resolution part. 

3.2.2 Orientation reconstruction 
The normalisation results showed that a normalisation procedure was necessary. The best normalisation 
procedure, according to these results, was to estimate the standard deviation and divide each resolution 
pixel on the circles by the estimated value. Using the orientation reconstruction procedure described in the 
method part, the three angles, defining the relative orientation between two Ewald surfaces, could be 
determined. The accuracy varied depending on the real angles of rotation. The best result possible is when 

Eigenvectors 
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the found angles are the closest samples in the neighbourhood of the real angles, which was the usual result. 
Examples of the result can be found in Table 3. The sample distance in Θ direction was 0.048 and 0,051 in 
Φ and Ψ direction. Improvement on the result could be made by sampling more densely (more possible 
circles). A way to do this would be to first narrow down the peak using a rough sampling and then zoom in 
the found peak region and determine the peak value more accurately. 
 
In a single particle imaging experiment there are at least as many orientations to determine as there are 
images (or cluster averages). If all image orientations are determined relative one image one can build up 
the Fourier space. If more relative orientations are determined (say N per image) one could average the 
angles from the determinations to get a more precise orientation.  
 

 

Table 3: 19 random orientations were reconstructed. The angles are given in radians. The found angles 
were compared to the reference angles according to equation 25 and equation 27. 

Reference angles   Found angles   Found corrected Angles   Errors 

Φ Θ Ψ  Φ Θ Ψ  Φ Θ Ψ  ∆Φ ∆Θ ∆Ψ 
3,72 3,04 2,69   3,65 3,09 2,63   3,65 3,09 2,63   -0,07 0,05 -0,06 
2,05 0,06 2,69  1,87 0,10 2,89  1,87 0,10 2,89  -0,18 0,03 0,20 
3,59 -1,68 4,87   0,46 1,69 1,72   3,60 -1,69 4,86   0,01 -0,01 -0,01 
4,10 0,19 1,28  4,05 0,19 1,32  4,05 0,19 1,32  -0,05 0,01 0,04 
5,00 -0,81 4,36   5,02 5,46 4,36   5,02 -0,82 4,36   0,02 -0,02 0,00 
3,59 -0,19 5,00  0,46 0,05 1,87  3,60 -0,05 5,01  0,01 0,14 0,01 
3,85 -2,79 0,26   0,71 2,80 3,39   3,85 -2,80 0,25   0,00 -0,01 -0,01 
1,92 -0,56 5,51  1,93 5,70 5,52  1,93 -0,58 5,52  0,00 -0,02 0,01 
4,87 -3,04 6,15   4,81 3,24 6,08   4,81 -3,04 6,08   -0,06 0,00 -0,07 
5,00 3,04 2,69  4,92 3,00 2,58  4,92 3,00 2,58  -0,09 -0,04 -0,11 
1,28 -0,06 4,10   1,32 -0,05 4,05   1,32 -0,05 4,05   0,04 0,01 -0,05 
6,15 -1,06 4,62  6,13 5,17 4,61  6,13 -1,11 4,61  -0,02 -0,06 -0,01 
4,74 -0,56 1,67   4,76 -0,53 1,62   4,76 -0,53 1,62   0,02 0,03 -0,05 
5,90 -0,43 4,36  2,74 0,58 1,22  5,88 -0,58 4,36  -0,02 -0,15 0,00 
5,26 -1,80 3,98   2,08 1,74 0,81   5,22 -1,74 3,95   -0,04 0,06 -0,02 
1,28 -2,30 3,85  4,41 2,32 0,71  1,27 -2,32 3,85  -0,01 -0,02 0,00 
2,31 0,81 3,59   5,47 5,46 0,46   2,33 0,82 3,60   0,02 0,02 0,01 
0,26 -0,31 0,13  0,25 -0,29 0,15  0,25 -0,29 0,15  0,00 0,02 0,02 

0,00 -1,18 2,44   3,14 1,21 5,57   0,00 -1,21 2,43   0,00 -0,03 -0,01 
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Figure 20: A slice of the correlation matrix. This image illustrates how the peak of the correlation matrix 
might look like in 2 dimensions. Here the Ψ angle has been excluded. The correct correlation peak is 
marked by a circle. The square is located at a disturbing peak. In this correlation matrix the correct peak 
was easy to find because Θ was not close to ± π. 

3.2.3 Residual analysis of the interpolation 
The chosen interpolation method is cubic interpolation which is a balance of speed and accuracy. In Figure 
21 a), the reference and the interpolated circles are plotted. Also the relative error is plotted against position 
on the circle in Figure 21 b). Although the result look unsatisfactory, it did not affect the correlation matrix 
much, especially not when the sampling was sufficient (above 80 samples in each dimension). The extra 
resolution added to remove edge effects in the interpolation seemed to be enough since no very large errors 
can be seen at the edges of the circles Figure 21 b) with relative errors). Other errors could be due to very 
large values in the derivative. 
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Figure 21: Interpolation errors. In a) the calculated diffraction intensities of the common line is compared 
to the interpolated intensities of the common line. In b) the relative error is studied. The errors are quite 
large but the correlation works well anyway. On the x-axis are the pixel positions on the common line. 

b) 

a) 
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3.2.4 Sampling density in ΘΘΘΘ direction 

3.2.4.1 Relationship between radius and ΘΘΘΘ angle 
When the Θ angle (when rotating the plane) 
is near π/2, the intersecting circle will be very 
small. The relation between Θ angle and 
radius of the circle is illustrated in Figure 22 
as well as the derivative (note that Θ angle is 
defined as the angle of the plane of 
intersection in this figure). The relation is 
simple, 
 

( )
( )

)sin(
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Θ

Θ=

d

radiusd

radius
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Analyzing the derivative it is easy to see, that 
close to Θ = -π/2 the derivative has a 
maxima. This means that sampling 
uniformly, the radii of two circles in this area 
will differ more than two circles close to Θ = 
0. This implies that the values on two circles 
close to the edges will have less in common 
than two circles close to Θ = 0.  
 
 

3.2.4.2 Homogeneity of the shape of the peaks 

The shape of the peaks was studied using curve fitting. The peaks were not easily distinguished in the 
correlation matrices. All peaks were much wider in the Θ direction than in the Φ direction. This can be seen 
in Figure 20 where a slice of the three dimensional correlation matrix has been visualized. A second degree 
polynomial was fitted to a local area of the peak and the coefficient for the quadratic term was plotted 
against the Θ angle. The plot can be found in Figure 23 a). The more negative the coefficient is, the faster 
is the drop in correlation around a peak. In Figure 23 b) the Θ angle is exchanged for the Φ angle. No 
trends like in the previous plot can be seen.  Not all coefficients are plotted since near Θplane = ±π/2, the 
discontinuity in Θ angle creates edge effects, since periodicity is used. Therefore only coefficients that 
totally were fitted in the principal Θ interval are presented. 

Figure 22: Radius vs. Θ. The radius has maxima at Θ = 0. 
The derivative has maxima at Θ = π/2 which means that 
the radius changes the most when the circles are small, 
thus the sampling is skew. 

dr/dΘ 
r(Θ) 

ΘΘΘΘ 
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Figure 23: 1-d peak curve fit. A second degree polynomial was fitted to peaks located at different angles. 
The coefficient a in a·x2+b·x+c is plotted. This parameter describes the width of the peak, the more negative 
it is the narrower is the width of the peak. In a) the peaks were located at different Θ angles. The peaks 
were located at different Φ angles in b). 

 
The one dimensional curve fitting, varying 
only Θ and Φ angle, illustrate this further. 
The coefficients when varying the Φ angle 
is much more negative in general than the 
coefficients for varying the Θ angle. This is 
not a very strange result. When varying 
only the Θ angle, the central parts of the 
circles will be practically the same while 
the high resolution part will deviate a little 
more, in opposition to the Φ angle which 
changes both the central- and the high 
resolution region. This can be seen as the 
Ewald surface being flat in the low 
resolution part thus having a hinge axis as 
in electron microscopy instead of a 3-d fix.  
 
It can be seen in Figure 23 a) that the width 
changed with the Θ angle. When Θ was 
close to ±π, the peaks were narrower than 
for Θ close to zero. This can be explained 
by the sampling of circles in Θ direction 
being uniform. The radii of the circles as a 
function of Θ as well as the derivative are 
both plotted in Figure 22. The radius 
changes the most close to Θ = ±π (in the 
figure, the Θ angle for the intersecting plane 
is used), although the sampling is uniform on 
the Θ axis. This could in the worse case lead 
to a peak being missed between samples.  
 
One thing that could compensate for this 
distortion in Θ angle would be to adjust the 
sampling. The relation between radius and Θ 
angle is simply radius = cos(Θ). Instead 
sampling could be uniform in radius and Θ could be chosen to be  Θ = cos-1(radius). The reason for not 
doing this was that instead of using the peaks close to the edges (Θplane = ±π/2), the Centro symmetric 

Figure 24: Histogram estimated probability distributions 
of the correlation coefficients. The correlation coefficients 
from the original as well as the Centro symmetric 
correlation matrix were used for estimating the probability 
distribution of the correlation coefficients. On the x-axis is 
the value of the correlation coefficients. On the y-axis is 
the density of the probability distribution. The zoomed 
area is the area of correlation peaks. There are more 
disturbing correlation peaks in the original correlation 
matrix than in the Centro symmetric correlation matrix. 
The correlation coefficients comes from two Ewald 
surfaces with the relative angle Θ = π-0.3 between them. 

ΘΘΘΘ ΦΦΦΦ 

a) b) 

Original  

Centrosymmetric 
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correlation matrix was used for these occasions and a method for classifying the correlation matrices was 
developed instead. This should however be looked at in further studies.  

3.2.5 Distribution of correlation coefficients 
The distribution of correlation coefficients was studied using histogram. The histograms for the original and 
the Centro symmetric correlation matrix can be found in Figure 24. They are both based on 1295029 
samples. The correlation coefficients come from a correlation matrix when the relative Θ angle of the two 
Ewald surfaces was almost π. This corresponds to a very small intersecting circle in the usual correlation 
matrix and a large circle in the Centro symmetric one. A lot of disturbing peaks were present in the usual 
matrix. If Figure 24 is studied there are more large coefficients in the usual matrix than in the Centro 
symmetric matrix. The Centro symmetric matrix should be used to find the peak in this case. A measure for 
discriminating between the two matrices is to use the matrix with the lowest variance. In that matrix there 
will be as few  

 

Figure 25: Normal distribution plot. The probability y to find a correlation coefficient in the interval [-∞,x] 
is plotted in blue. The red line is a linear polynomial fitted to the blue line between the 0.25 to the 0.75 
quintiles.  If a normal approximation is valid the blue line should not deviate much from the red one. 

 
disturbing peaks as possible. In Figure 25 the distribution is tested for normality. The plot shows that a 
normal approximation is not valid since there are large deviations from linearity. The test was performed to 
see if a more complex method, for testing which matrix should be used, was available. A thought was to 
calculate the probability that the maximum value in the correlation matrix originated from the distribution 
of independent samples (a normal distribution) or if it was a dependent sample. Since there are more 
dependent samples in one of the distributions (more disturbing peaks) there would be a higher probability 
that the largest peak came from this distribution. It would be best to choose the distribution where the 
largest value has the lowest probability of belonging to the distribution of independent samples. A normal 
distribution approximation could have been used to calculate the probability. Another way would have been 
to estimate the distribution using a histogram method but it turned out to be a very sensitive method due to 
that the bin size and other parameters had influence on the calculated probability. The variance based 
decision was the best method 
 
. 
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4 Conclusions 
This study is a study of some basic data treatment methods that are used in other areas than in X-ray imaging. 
There is nothing strange and nothing new about this except that the methods are applied in a new scientific field.  
 
The study shows that diffraction images can be compressed using principal component analysis so that less data 
has to be handled in the following treatment. The degree of compression depends on the properties of the data. 
For example, if the data comes from a limited volume in diffraction space, it can be compressed very much. If 
the data is distributed so that images are independent of each other, the number of independent pixels should in 
theory be given by the space-bandwidth product. This seemed to be the asymptotic result. Noise will affect the 
compression and more principal components are needed to approximate the images well. The compressed image 
vectors can be used in a clustering procedure. 
 
The study also shows that clustering can be performed on both clean diffraction data as well as data with added 
Poisson noise. The best clustering procedure that was investigated was a hybrid method where hierarchic 
clustering using the Ward criterion was followed by K-means clustering. A postprocessor could not further 
improve on the Ward criterion. 
 
A set of measures were set up to try to evaluate the clustering methods. The Fisher measure evaluates if 
misclassification has been made. The solid angle can give a hint of what impact the clustering will have on 
resolution. Ellipticity of the clusters can be used for seeing if the clusters are elongated or compact. The 
distortion measure and the Ward measure also evaluate the shape of the clusters and can be used for comparing 
different clustering methods in their ability to cluster according to the Ward criterion. The two last measures 
correlated well.  
 
When the clustering is made, averaging of the images will result in less noisy centroid images. This step is not 
investigated in this study except for the relation between resolution and solid angle of a cluster. The theoretical 
calculation show that if 10 images are needed in each cluster the data set will have to consist about 1.25e4 
images in total for a resolution of 2 Å. How many images that really are needed for the averaging will have to be 
studied in the future. 
 
An orientation reconstruction method, based on the common lines of diffraction images, has been developed. It 
is shown that the relative angular orientation between two noise free images can be found. The method is not 
optimised and the errors can probably be smaller if sampling is denser. Further improvement might also be 
possible if each image orientation is averaged from determinations of the orientation relative to several other 
images, rather than just one determination as in the method used here. The Centro symmetric intersect can be 
used for filling in for missing data when the intersecting circle is very small. The variance of the correlation 
matrices can be compared in order to decide which matrix should be used. The sampling of the circles may have 
to be modified according to the results found here. 
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5 Appendix  

5.1 Mathematical derivations and definitions 

5.1.1 Correlation coefficient 
The correlation coefficient of the two discrete signals x(n) and y(n) is given by 
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 (39) 

 
where N is the number of samples. x  and y are the mean values of the signals x and y and σx and σy are the 

standard deviations of the signals. The correlation coefficient is defined on the interval [-1,1] where a coefficient 
of 1 means perfect correlation, -1 means reversed correlation and zero means no correlation. The correlation 
coefficients should be used to measure linear relationships only. 

5.1.2 Signal to noise ratio 
The signal to noise ratio s defined as, 
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where signal and noise are the powers of the signal and the noise. If the true RMS values for the signal and noise 
can be measured, then the powers can be replaced by the square of the RMS values. The RMS value is defined 
as, 
 

( )( )2AmplitudemeanRMS =  (41) 

5.1.3 Intersection of two spheres 
In this physical application the spheres are located with centre at (0,0,-d) and (a,b,c) respectively. They both 
have radius d, which imply that they have at least the origin in common. Their equations are given by: 
 

( ) 02222222 =⋅⋅++⇔=+++ zdyxddzyx  (42) 

( ) ( ) ( ) ( )2222222222 222 cbadzcybxazyxczbyax ++−=⋅⋅−⋅⋅−⋅⋅−++⇔−+−+−  (43) 
2222 dcba =++  (44) 

 
Combining equations 42, 43 and 44 gives the equation of a plane: 
 

0)( =⋅++⋅+⋅ zdcybxa  (45) 
 
The intersection is in a plane. Also it can be shown that the intersection has the shape of a circle. Solving for x in 
equation 45 and putting the result into equation 42 leads to the following unfriendly looking equation: 
 

( ) ( )( ) ( ) 02/2/1/1 2222222 =⋅⋅+⋅⋅+⋅⋅+⋅+++⋅+ zdazydcbzadcyab  (46) 
 
The problem with such an equation is that it is a general equation for a second degree curve because it is 
expressed in the wrong coordinates. If however this equation was rewritten in a new coordinate system 
(x’’,y’’,z’’), where two of the coordinate axis are in the plane of intersection, it would be recognized as the 
equation of a circle.  
 
Consider the normal vector of the plane. Since the plane goes through the origin, the normal vector n is given by 
(a,b,c+d) (the coefficients of the equation of the plane). Let us decide that in the new coordinate system, the 
normal vector should be located in the direction of the x’’-axis, then the plane will be in the y’’,z’’-plane and the 
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equation of the plane will be x’’ = 0. Two rotations will be made. First, rotate the existing coordinate system so 
that n will be in the x,z-plane. See the illustration in Figure 26 .The formulas for the rotation in the x,y-plane is: 
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Here Θ is the angle in the x,y-plane. 
 

( )

( )
22

22

sin

cos

ba

b

ba

a

+
=Θ

+
=Θ

  (48) 

 
 

The normal vector will in the new coordinate system have 
the coordinates: 
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Next, a rotation in the x’,z’-plane will bring n’ to coincide 
with the x’’-axis (see Figure 27) 
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The coordinate transformation is: 
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Expressed in the new coordinate system, n’’ will be: 
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This means that the plane will have the equation  
 

0='x'   (53) 
 
Combining the expressions in (47) and (51), the old coordinates (x,y,z) are expressed in the new coordinates 
(x’’,y’’,z’’): 
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Combining equations 42, 53, 54 and some trigonometric rules, gives us the equation of the circle expressed in 
the coordinates z’’ and y’’ which both are in the plane: 

Figure 26: Normal vector n in original 
coordinate system. 

Figure 27: Normal vector n’ expressed in 
the new coordinate system after first 
rotation. 
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Another way to derive the normal vector n to the plane of intersect is to calculate the vector difference between 
the two circles, n=P1-P2 or –n=P2-P1. The difference between n and –n can be interpreted as to which sphere is 
considered to be constant.  

5.1.4 Centro symmetric intersect 
The centrosymmetric condition in Fourier space is  
 

[ ] [ ] PP −=−−−== lkhlkh ,,,,  (56) 
 
P1 and P2 represent the vectors of the centers of the two spheres. The normal vector to the plane where they 
intersect is n = P2-P1. The spheres having normal vectors at -P1 and -P2 will be the same spheres although they 
represent the centrosymmetric copy of the first two spheres. 
 
We know from the picture that the sphere in -P2 intersect with P1. The normal vector to the plane of that 
intersect is 
  

( )P1P2P1P2n' +−=−−=  (57) 
 
So there are two intersects that we should be looking for.  
 
The rotation of the sphere P2 is considered to be in the y,z-plane. This simplifies the calculations. The scalar 
product is defined as  
 

( )αcos⋅⋅=⋅ n'nn'n   (58) 
 
where α is the angle between the two normal vectors n and n'. 
 

[ ]
( ) ( )[ ]Θ−Θ=

−=

2cos,2sin,0

1,0,0

P2

P1
  (59) 

 
and θ ∈[-pi/2,pi/2]. Then, 
 

( ) ( ) ( ) ( ) 02cos2sin1 22 =Θ−Θ−=⋅+⋅−=−⋅+−=⋅ P1P1P2P2P1P2P1P2n'n  (60) 
 
The last equality (60) comes from a trigonometric rule. This result means that cos(α) = 0, which gives us the 
solution α = π/2. Rotating the plane of intersect π/2 corresponds to rotating the normal vector of the Ewald 
surface, π. The centrosymmetric Ewald surface is a mirror image of the original image after rotating it π around 
the normal vector.  

5.1.5 Intersect between intersecting circle and resolution circles 
An Ewald surface has its normal vector in the z-direction. A resolution circle is formed when values are chosen, 
corresponding to only one resolution on the Ewald surface. When two Ewald surfaces intersect, their intersect 
form an intersecting circle. It depends on the radius of the circle if that circle intersects with the resolution circle. 
If the radius is smaller than resolution/2, the whole circle fits on the Ewald surface. There are two intersects 
between the resolution circle and the intersecting circle. The interesting parameter of the problem, for our 
concern, is the angle γ between the radius vector r of the intersecting circle and the vector r-vres, where vres is the 
vector from the origin to the point of intersection of the circles. Three vectors r, vres and r-vres, form a triangle. 
The length of vector r and r-vres is the same since they describe the radius of the intersecting circle. The problem 
is thus easily solved with the old cosine law, 
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5.1.6 Rotation matrices 

Rotation of a vector v an angle φ around an arbitrary vector n, in three dimensions can be made using a rotation 
matrix R and the operation is, v' = R⋅v where v' is the new vector after rotation.  The rotation matrix R can be 
written  
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where expm is the matrix exponential. The matrix exponential is calculated using an implemented method in 
Matlab [18, 19]. 

5.1.7 PCA 
Principal component analysis is a way of expressing multidimensional data in a new coordinate system. The 
basic assumption is that data are approximately limited to a subspace of the original coordinate system. After the 
coordinate system change, data are projected onto the subspace. The new coordinates are the Eigenvectors of the 
covariance matrix and they are normalised and orthogonal. The principal components are the coefficients of a 
vector in the new coordinate system. A data vector x is approximated by the vector x̂. The relation is, 
 

( ) xx'AAxxxAAxξAxx +⋅⋅=+−⋅=+⋅=≈ TTˆ   (63) 
 
where x  is the mean vector, A is a matrix containing vectors (that will describe the new coordinate system) 
expressed in the old coordinate system, and ξξξξ is the coordinates of x (the principal components) in the new 
coordinate system. The first equality is precise if all vectors in A are used. The squared error 
 

[ ]2ˆ x'x −= EJ  (64) 
 
is minimized with respect to A with the condition that the vectors should be orthonormal. Lagrange multipliers 
are used in the derivation. The result is an Eigenvector problem where the vectors of the new coordinate system 
become Eigenvectors of covariance matrix of x. The variance of a Eigenvector is given by the corresponding 
Eigenvalue. The first Eigenvector has the largest Eigenvalue which means that it describes the variance in the 
data the best.  
 
Principal component analysis can be used for data reduction where only a few principal components are used. 
This means that x is a larger vector than ξξξξ. It can also be used for visualizing and find clusters in 
multidimensional data. Often only a few variables describe differences in a multidimensional dataset. There is 
sometimes some confusion regarding the nomenclature of PCA. Here we call the coordinate vectors (the new 
coordinates expressed in the old coordinate system) Eigenvectors or principal Eigenvectors. The coefficients of a 
variable (in the new coordinate system) is called the principal component.  

5.1.8 Fisher linear discriminant 
The Fisher linear discriminant projects two groups that are known to belong to two different classes, onto a 
vector. The vector is constructed in such a way that the groups will, when projected, have their means separated 
as much as possible and their variances will be as small as possible. A sample x is projected onto vector w by, 
 

xwT ⋅=y  (65) 
 
The criterion function that is maximized is 
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Here ni is the number of samples in class i and Di represent class i.  The criterion function J is maximized and 
this results in a eigenvalue-eigenvector problem. For more derivations see [20].The results is that vector w can be 
written as 
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The vector w has arbitrary length and it is praxis to normalise it. When the projections are done it is easy to 
visualize whether two classes overlap or not by plotting both classes in a histogram. The matrix Sw is called the 
within-class scatter matrix and may be ill-conditioned especially when the clusters contain very few members. It 
may be difficult to always find the inverse of it. A trick that can be used is to add a small number to the diagonal 
before calculating the inverse. This number may be in the order 1e-13 or even less. 

5.1.9 Variance in data set 

The total variance in a data set can be found by first calculating the covariance matrix and then add the diagonal 
elements of the matrix. If clustering is performed and the intra class variance and the inter class variance is 
needed another approach has to taken. Here a partition of the variance for samples with only one variable is 
derived. Assume that we have N samples xi and Q clusters qi with coordinate xqi. The mass of a sample is mi=1/N 
and the mass of a cluster is mq i = ni/N where ni is the number of samples in cluster qi. The center of the data set 
is g. The total variance can be written [20] 
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The first term, on the left hand side of equation 70 is the sum of the intra class variance and the second term is 
the inter class variance. If vectors are used the intra class and inter class is calculated by the following relations:  
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Variance(members in cluster) 

Inter-class variance 

<Intra-class variance> 

Ward measure 

Distortion measure 

Variance(<Fisher overlap>) 

<Fisher overlap> 

<Ellipticity> 

Variance(ΩΩΩΩ) 

<ΩΩΩΩ>/<ΩΩΩΩtheoretical> 

Method 

2,27E+01 

2,34E+03 

1,72E+01 

7,35E-03 

2,47E-01 

2,63E-08 

3,48E-06 

7,28E-01 

2,09E-04 

9,17E-01 

1 

6,25E+01 

2,19E+03 

1,87E+01 

8,56E-03 

2,77E-01 

1,28E-08 

3,45E-06 

7,40E-01 

2,91E-04 

1,00E+00 

2 

7,42E+01 

2,15E+03 

1,87E+01 

8,72E-03 

2,83E-01 

2,98E-09 

1,25E-06 

7,69E-01 

2,03E-04 

8,43E-01 

3 

1,10E+01 

2,41E+03 

1,66E+01 

6,91E-03 

2,37E-01 

8,29E-09 

2,17E-06 

7,58E-01 

1,93E-04 

9,60E-01 

4 

6,24E+03 

6,42E+02 

3,22E+01 

5,03E-02 

7,81E-01 

1,24E-02 

1,43E-02 

9,43E-01 

3,33E-02 

1,21E+00 

5 

4,57E+01 

2,28E+03 

1,78E+01 

7,81E-03 

2,59E-01 

1,89E-09 

6,17E-07 

7,38E-01 

1,70E-04 

8,73E-01 

6 

8,71E+00 

2,43E+03 

1,63E+01 

6,70E-03 

2,32E-01 

1,13E-09 

4,78E-07 

7,80E-01 

2,17E-04 

9,43E-01 

7 

5,65E+01 

2,25E+03 

1,84E+01 

8,18E-03 

2,65E-01 

0,00E+00 

0,00E+00 

7,80E-01 

1,45E-04 

8,15E-01 

8 
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