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Sammanfattning
I arbetet för att förstå de fysikaliska, kemiska och biologiska egenskaperna
hos biologiska makromolekyler är en detaljerad kännedom om deras tredimensionella uppbyggnad en viktig pusselbit. De mest nogranna metoderna för strukturbestämning bygger på röntgendiffraktion, ett fenomen vid vilket atomerna i
materien sprider röntgenstrålar. De spridda strålarna registreras på en fotodetektor och det mönster som uppstår ger viktiga ledtrådar till hur atomerna i
materialet är arrangerade.
Röntgendiffraktionens tillämplighet begränsas dock av de strålskador som
uppstår i materialet. I den idag dominerande tekniken låter man därför provet
bilda kristaller som förstärker den diffrakterade strålningen. Den stråldos som
kristallen utsätts för kan därmed minskas i motsvarande grad. Tyvärr så är det
svårt att bilda kristaller av biologiska material och metoden har hitintills lämnat
stora systematiska luckor, exempelvis vad avser de medicinskt mycket viktiga
membranproteinerna.
De frielektronlasrar som är under utveckling kommer att erbjuda röntgenpulser som är oerhört mycket kortare och intensivare än de som kan framställas
idag. Med dessa ljuskällor kan det bli möjligt att exponera icke-kristallina molekyler under så kort tid att strålskadorna inte hinner fortplantas i strukturen. I
detta arbete presenterar vi en metod för strukturbestämmning med hjälp av en
frielektronlaser, och analyserar dess tillämplighet på icke-kristallina biologiska
makromolekyler.

Examensarbete 20 p i Molekylär bioteknikprogrammet
Uppsala universitet December 2002
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2

Introduction

X-ray diffraction is a technique to obtain precise information on the structure of
an object such as a biological macromolecule. By illuminating the object with
X-rays and measuring the radiation that is scattered, or diffracted, information
can be obtained on the three-dimensional arrangement of atoms in the object.
However, the technique is severely limited by the damage that X-rays cause to
the structure of the sample. The maximum dose that a biological particle can
withstand is in fact substantially lower than the dose needed to produce a useful
diffraction image.
To reduce radiation damage, samples are usually studied in crystalline form.
The crystal strongly amplifies the scattered radiation, and the dose can be
proportionally reduced. The structures of a large number of biological macromolecules have been determined by X-ray diffraction on crystals; however, the
technique fails if the sample does not crystallize. Many existing macromolecules
or molecular complexes are excluded from study, among these most of the medically important membrane proteins.
Emerging radiation sources may offer new possibilities. Future free-electron
lasers could provide femtosecond X-ray pulses with a peak brilliance more than
10 orders of magnitude higher than that currently available from synchrotrons.
Recent studies [1] show that with such short pulses, radiation damage may be
kept at an acceptable level for the duration of the exposure, even though the
dose is substantially above the limit for a biological sample.
If these predictions are correct, X-ray free-electron lasers will make it possible to obtain a useful diffraction image from a non-crystalline biological particle.
Although a single diffraction image does not determine the three-dimensional
structure of the sample, more complete data could be obtained by using a reproducible sample and exposing many copies in different orientations. Similar
techniques are used with success in ‘single-particle’ electron microscopy.
This thesis concerns the reconstruction of molecular structure from such a
set of single-particle diffraction images. We outline a reconstruction procedure
and discuss some of the challenges that lie ahead. We then take a closer look at
the first step of data-processing, namely the classification of diffraction images
according to the view of the sample they present. If we assume that the orientation of the molecules in the beam is unknown, then this is the limiting step
of the reconstruction procedure. We use our analysis to connect the achievable
resolution with the particle size and the number of incident photons.
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Preliminary theory

2.1

Optical imaging systems

An optical image can be defined as an electromagnetic signal that carries a
(generally degraded) representation of a physical object. The image is formed
by an imaging system, such as the system of lenses found in a telescope or
microscope. We say that the system is linear if the image can be described as
a weighted sum or a superposition of the values of the original object,
Z
g(r) = K(r, r 0 )f (r 0 ) dr 0 ,
(1)
where the function g represents the image and f represents the object. A linear
imaging system is fully characterized by the weighting function K, called the
impulse-response function or point-spread function of the system.
The imaging system is said to be isoplanatic, or space-invariant, if its pointspread function is invariant with respect to translation, i.e. if K(r, r 0 ) depends
solely on the difference r −r 0 . The image can then be expressed as a convolution
(section A.4) of the object and the point-spread function,
Z
g(r) = K(r − r 0 )f (r 0 ) dr 0
(2)
or
g = K ∗ f.

(3)

Isoplanatic imaging systems are conveniently described in the Fourier domain
(see section A.1), where the convolution amounts to a simple multiplication
b fb
F[K ∗ f ] = F[K] × F[f ] = K

(4)

h
i
b fb .
g = F −1 K

(5)

so that

b of the point-spread function is called the (optical)
The Fourier transform K
transfer function of the imaging system. It describes how a signal of a given
frequency is propagated trough the system and allows us to interpret the blurring
effects of an isoplanatic imaging system as a form of frequency-modulation, or
Fourier filtering, of the original object.
A perfect imaging system has a point-spread function which is represented
by the Dirac δ-function or impulse-function, described in section A.5
K(r, r 0 ) = δ(r 0 − r)
g(r) = δ ∗ f = f (r).

(6)
(7)

The image is then a perfect replica of the object. All real imaging systems,
however, have a finite-size point-spread function and yield a blurred image of
the object. We will say that an imaging system is bandlimited with band B
if the point-spread function is bandlimited with band B (see section. A.8 for a
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definition of bandlimited functions). A bandlimited imaging system acts as a
low-pass Fourier filter in that it removes all the frequencies of the object that
are larger then B. Mathematically, we express this as
h
i
(8)
g = F −1 χB fb ,
where
(
1 if k ≤ B,
χB (k) =
0 if k > B.

(9)

To illustrate the effects of a bandlimited imaging system, we consider the onedimensional case where χB (k) is the rectangle function. We have that
χB (k) = Π(Bk),
¡ ¢
³r´
sin π Br
χ
bB (r) =
=
sinc
.
π Br
B

(10)
(11)

Thus, the image produced by the system is the original object convoluted by
the sinc function,
g(r) = (b
χB ∗ f )(r)
Z
= sinc(r − r0 )f (r0 ) dr0

(12)
(13)

The sinc function is an even function which oscillates with decreasing amplitude
as r increases. As in any linear imaging system, every point g(r) in the image
is a weighted average of the entire object f . The weights fall off rapidly with
the distance r − r0 , so that the average is mainly formed from points in the
object that are close to the point r. As a first approximation we can say that
each point r in the image is an average of all the points in the object that
are within a distance 1/B of r (the distance 1/B corresponds to the width of
the main lobe of the sinc function). We say that a feature of size 1/B is the
smallest resolvable detail in the image, by which we mean that smaller features
are effectively erased by the imaging system. We also call 1/B the resolution of
the image.
Real imaging systems also contain other aberrations that additionally blur
the image. We can represent those in the Fourier domain as a phase and amplitude distortion over the band of the imaging system,
b = χB (k)A(k)eiφ(k) .
K

2.2

(14)

The basics of X-ray diffraction imaging

Diffraction is a phenomenon by which wavefronts bend in the neighborhood
of an obstacle or aperture and spread beyond the geometrical shadow of the
object. It is observed when the size of the obstacle is of the same order as the
wavelength of the waves. The distinction between diffraction and the scattering
of a wavefront is somewhat vague; possibly, one could reserve the term diffraction
for disturbances caused by apertures (holes) and scattering for those that are
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caused by obstacles. The two are then related by Babinet’s principle, which
states that the conjugate to a hole (i.e. an obstacle) produces a diffraction
pattern identical to that of the hole. For our purposes, the two terms can be
considered synonymous and we will make use of them interchangeably.
Consider a particle with electron density ρ(r) which is exposed to a monochromatic plane wave of X-rays. The wave has wave vector kin = k̂in /λ, where k̂in is
a unit vector in the direction of propagation and λ is the wavelength of the radiation (see section A.10 for the notation on electromagnetic waves). Most of the
X-rays will pass through a biological sample without interacting; however, some
will be absorbed or scattered inelastically (thus causing damage to the molecule)
and a small fraction will be scattered elastically, i.e. without depositing energy
in the sample.
We are interested in the diffraction pattern formed by the elastically scattered waves. When the particle is a weak scatterer of X-rays, it can be shown
that the fraction of the radiation that is scattered elastically forms a spherical
wave proportional to the Fourier transform of the electron density [2, 3],
Z
E s,∞ (ks , kin ) = ρ(r)e2πi r·(ks −kin ) dr
= F (ks − kin ).

(15)

Here Es,∞ denotes the electric field component of the scattered wave1 , and we
have used the subscript ∞ to mark that the equation gives the behavior of the
field at a large distance from the particle (the far field). The wave vector of
the scattered radiation is denoted ks , and kin is the wave vector of the incident
radiation as before. The three-dimensional Fourier transform of the electron
density, which we will refer to as the molecular transform, is denoted by F .
Note that the equation does not give the scattered field in absolute units, but
relative to the (Thomson) scattering from a single classical free electron (cf.
section 4.1).
Equation (15) gives us the theoretical basis of diffraction imaging. By measuring the elastically scattered electric field E s,∞ for all possible directions of
ks , we obtain the Fourier transform of the electron density on the surface of a
sphere with center on kin and radius k = 1/λ (the so-called sphere of reflection,
or Ewald sphere [4]). By illuminating the sample from all directions, i.e. by
also varying kin , we obtain the transform within a sphere with center on the
origin and radius 2k (the limiting sphere). Thus, a full set of scattering data
provides us with a bandlimited approximation of the electron density (compare sections 2.1 and 2.2.1). Note that experimentally we can only measure
the intensity of the scattered wave, which leaves us with incomplete data (cf.
sec. 2.2.2)
An example of an Ewald sphere inscribed in the limiting sphere is drawn in
the top half of figure 1.
2.2.1

Resolution

We can represent a complete set of scattering data as the product between the
molecular transform and the characteristic function χ2k of the limiting sphere.
1 The time-dependence of the wave is implicit. We could multiply the equation by a timedependent phase-factor; however, in an experiment we can only measure the intensity of the
scattered radiation, which is time-independent.

2 Preliminary theory

6

Figure 1: Ewald spheres and surfaces. The top figure is an example of an Ewald
sphere surrounded by the limiting sphere. The horizontal arrow gives the wave
vector of the incident wave, the tilted arrow a wave vector for the scattering
wave. By measuring the scattered wave for all directions, we cover the surface
of the inner sphere. By also varying the direction of the incident wave, we span
the volume of the outer sphere. In an experiment, we can usually obtain data
only for a limited section of the Ewald sphere, as shown in the bottom figure.
By varying the direction of incidence, we span out a sphere which is smaller
then the limiting sphere.
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Through the inverse Fourier transform, the data provides us with the following
approximation of the electron density
ρe = F −1 [χ2k F[ρ]]
=χ
b2k ∗ ρ.

(16)
(17)

In the language introduced in section 2.1, ρe is a bandlimited image of the electron
density, the band given by the radius 2k of the limiting sphere. As explained
in that section, we can say to a first approximation that each point ρe(r) is an
average of all the points in ρ that are located within a distance 1/2k of r. The
quantity 1/2k (i.e. the inverse of the bandlimit) is called the resolution of ρe.
We will denote the resolution by the letter d.
In general, there will be a limiting scattering angle beyond which the scattered radiation cannot be reliably measured. By measuring the scattered waves
out to this angle for all directions of incidence, we will obtain the molecular
transform within a sphere which is smaller than the limiting sphere (this is illustrated in the bottom half of figure 1.) Denoting the maximum length of the
scattering vector by kmax , we say that a full set of scattering data provides an
approximation of the density with resolution d = 1/kmax .
The term resolution is often used in a non-precise way. However, the approximate meaning of the term is usually clear from the context. For example, when
talking of about diffraction data at 3 Å resolution, we mean data for which the
scattering vector has length 1/3 Å−1 .
2.2.2

The phase problem

In an experiment it is only possible to measure the intensity of the wave
I(k) = |F (k) |2

(18)

where k = (ks − kin ) is the diffraction or scattering vector. Thus, diffraction
data provides us with the absolute square of the molecular transform, which by
the autocorrelation theorem is the Fourier transform of the autocorrelation of
the electron density ([5] and section A.3),
Z
2
F|F (k)| (r) = (ρ ? ρ)(r) = ρ(r 0 − r)ρ(r 0 ) dr 0 .
(19)
In crystallography, the autocorrelation of the density is called the Patterson
function. If the electron density is a sphere of radius a, then its autocorrelation
is a sphere of radius 2a.
The structure of small molecules may sometimes be solved directly from the
autocorrelation function, but for larger molecules it provides limited information. It is therefore essential that the lost phases are recovered.
2.2.3

Sampling and its effects

Any real set of diffraction data will consist of discrete samples of the molecular
transform. These samples can be expressed as the product of the continuous
molecular transform and a sampling function. Let {κ} be a set of n points in
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Fourier space, {F (κ)} the value of the molecular transform at those points and
S(k) a sampling function, so that
F (κ) = F (k)S(k)
h
i
= F ρ ∗ Sb (κ).

(20)
(21)

The second equality, which follows from the convolution theorem, tells us that
sampling the molecular transform is equivalent to convoluting the electron density with the transform of the sampling function. If the density is to be recovered, it is essential that the distribution of samples is such that we can
b Writing the sampling function as a sum of δ-distributions,
deconvolute ρ ∗ S.
"
#
X
X
2πiκn r
S(k) =
δ(k − κn ) = F
e
,
(22)
n

n

we see that the feasibility of deconvolution depends on the properties of the
trigonometric sum in (22). The value of this sum does not depend continuously
on the distribution or size of the sample set {κ}.
For a uniformly spaced sample set, the trigonometric sum in (22) converges
to an array of uniformly spaced δ-functions, which we can represent by threedimensional shah function (described in section A.6)
µ
¶
£
¤
1 3
1
S(k) = 3 III
k = F 3 III (∆k) ,
∆
∆
where ∆ is the sample spacing. In this case, the effect of the convolution ρ ∗ Sb
³
´
ρ ∗ Sb (r) = (ρ ∗ III (∆k)) (r),
is to periodically erect ρ around points with spacing 1/∆. For a molecule that
can be enclosed in a cube with side 2a
supp ρ(r) ⊆ [−a, a]3 ,
adjacent repeats will be non-overlapping if the sampling fullfills the Nyquist
criterion
1
∆<
.
2a
A single repeat of ρ can then be extracted from ρ ∗ Sb through multiplication by
a cubic window 3 Π(r/2a),
b
ρ(r) = 3 Π(r/2a)(ρ ∗ S)(r).

(23)

Viewed from the Fourier domain, such a window is a low-pass filter of the
molecular transform.
The task of finding an appropriate window W that deconvolutes ρ ∗ Sb
b
ρ = W (ρ ∗ S)

(24)
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is equivalent to finding a convolution kernel in the Fourier domain that regenerates the continuous transform from its discrete samples
h ³
´i
F = F W ρ ∗ Sb
(25)
c ∗ F S.
=W

(26)

When the samples are equidistant and fullfill the Nyquist criterion, the window
and its transform are well-defined (cf. section A.9)
³r´
,
(27)
W (r) = 3 Π
2a
c (h) = 3 sinc (2ah) .
W
(28)
For this reason, the sinc function is sometimes called the interpolating function.
For non-equidistant samples, a function that gives an exact result may not exist.
Instead one searches for an approximate solution which is both accurate (agrees
well with the data) and stable (insensitive to errors in the data).
2.2.4

The mathematical difficulty of diffraction imaging

Two problems are called each others inverses if the formulation of each involves
all or part of the solution of the other. Often, one of the problems is defined along
a clear cause-effect sequence, in that it follows well-established physical laws; we
call this the direct problem. The inverse problem is then to find the unknown
causes of given consequences. In our case, the direct problem is to calculate the
scattered waves from a given electron density. The inverse problem is to find
the electron density given certain knowledge of the scattered waves.
Inverse problems are difficult because the direct problem normally involves
a loss of information, that is, the information content in the solution is smaller
than the information content in the data. To solve the inverse problem, we would
like to perform a transformation that corresponds to a gain in information. In
the diffraction case, information is lost for many reasons, the most obvious being
our inability to measure the phases of the scattered waves. Other informationloss is due to incomplete, non-uniform and noisy sampling of the scattered waves.
Problems of this kind are ill-posed, meaning that the solution may not exist for
arbitrary data, or the solution is not unique, or does not depend continuously
on the data.
Mathematically, we can view the direct diffraction problem as a mapping
from an object space into an image space. The image space contains both noisy
and noise-free diffraction images, but the range of the mapping is only the subset
of the image space that contains noise-free images. The mapping is continuous,
meaning that the images of two close objects also are close. However, it is
possible that more than one object has exactly the same image (the negative
of a molecule has the same molecular transform, and the mirror image of a
molecule has the same diffraction pattern). More importantly, objects that are
very different from each other may have images that are very similar. This
illustrates the information loss in the imaging process, and the nature of the
ill-posedness of the inverse problem: (1) If two objects are mapped to the same
image, the solution is not unique. (2) If an image is noisy, so that it is not within
the range of the mapping operator, then the solution does not exist (there is
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no object that corresponds to the noisy image). (3) If two distant objects have
images that are very close, then the solution of the inverse problem does not
depend continuously on the data.
In practice, one has discrete data and must deal with a discretized version
of the problem. The discrete version of a linear inverse problem is a linear
algebraic system, which strictly speaking always has a solution that depends
continuously on the data. However, such an algebraic system is likely to be
ill-conditioned, meaning that even if a solution to the algebraic problem exists
and is unique, the solution is likely to be completely corrupted by small errors
in the data. Since measured data always contains errors, the solution of the
algebraic system will not be the ’true’ solution that we are looking for. The
true solution will only approximately reproduce the data.
The set of solutions that approximately reproduce the data can unfortunately be very large due to the information loss in the direct problem (manifested as ill-conditioning of the algebraic system). To solve the inverse problem
we need a way of selecting the good solutions, the solutions that we are actually
after. We do this by requiring that the solution satisfies constraints coming
from the physics of the problem. Such constraints are derived from additional
– prior – information on, or expected properties of the solution. Their role is
to discriminate between interesting solutions and spurious solutions created by
unknown propagation of the noise in the data.

3 Overview of the experiment

3

11

Overview of the experiment

In this section, we will start from the assumption that a single diffraction image
of sufficient quality can be collected from a non-crystalline biological sample,
and outline a method to obtain the molecular structure of the sample. The
meaning of sufficient will be given in the process, qualitatively in this section and
quantitatively in section 4. Our analysis is based on a hypothetical experiment
where many copies of a non-crystalline reproducible sample are exposed to the
X-ray pulse one-by-one and in random orientations. Each exposure gives rise to
a single diffraction image, and the collection of diffraction images constitutes a
three-dimensional set of diffraction data.
There are two reasons that many images have to be taken. First, a single diffraction image samples only a small part of reciprocal space. Second,
the signal-to-noise ratio of raw diffraction images will be insufficient for highresolution reconstruction. Therefore, as a first step, the images will have to be
sorted into classes and averaged within each class to enhance the signal. In the
next step of data processing, the individual diffraction images will need to be
classified and assembled into a three-dimensional body of information. Such
methods have been developed for single-particle electron microscopy [6, 7, 8,
9, 10], and have produced substantially increased resolution even for irregular
objects like the ribosome [9]. With particles displaying high symmetry, the resolution can be extended further by exploiting the symmetry of the structure
[11, 12].
There are important differences between the task of classifying tomographic
images of electron microscopy (micrographs) and diffraction patterns of single
molecules. Some of these stem from differences between planar (tomography)
and spherical sectioning (diffraction), while others reflect differences in the way
the images are formed, which also affects their statistical properties. Perhaps
the most prominent difference is that the diffraction pattern has a known center,
whereas in the micrograph, the molecular image has to be located and centered.
Equally significant are the differences in background: in the micrograph the
molecular image and the background are separate (although the background
contributes to the noise in the image), but in a diffraction pattern there is
no obvious way to distinguish the background from the diffraction pattern.
Also important is that the micrograph has to be corrected for imperfections
of the microscope (the contrast transfer function), whereas diffraction images
are perfect in that sense and need no correction. We note that diffraction
patterns can also be obtained in electron microscopes, with similar advantages
and disadvantages as discussed here.

3.1

Classification and averaging of diffraction images

Averaging techniques are based on the assumption that the data set is redundant. The images can thus be sorted into classes that correspond to a distinct
view (orientation) of the sample. Images within each class are then averaged;
if the classification is correct, the signal adds constructively but the noise and
background do not. We note that, according to Shannon’s sampling theorem
[13], a finite set of views of the sample is sufficient for full reconstruction; thus,
it is sufficient if the data set is redundant with respect to a number of views
satisfying this condition. Errors in classification, as well as heterogeneity of the
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samples wash out the images and thereby decrease both the signal-to-noise ratio
and the intrinsic resolution of the averaged images. It is important, therefore,
that the number of classes be adapted to the signal-to-noise ratio of the raw
images. Methods to accurately classify diffraction images with extremely low
signal-to-noise ratio, as well as methods to identify wrongly classified images,
need to be developed. This is not a trivial procedure, as the properties of diffraction images differ from those of tomograms and the techniques developed for
electron microscopy, while able to serve as guidelines, cannot be applied directly.
Once a complete set of averaged images is obtained, they can be used as
reference images to check and correct the original classification of each noisy
diffraction image in an iterative process. Images that are significantly different
from any of the class averages can be removed at this stage. Also, the procedure
must at some point include a search for images that present the same view of
the sample, but which are rotated with respect to one another around the axis
of the beam.

3.2

Construction of a three-dimensional data set

After classification and averaging, the mutual three-dimensional orientation of
the class averaged images must be determined in order to assemble a threedimensional data set. This may be possible through the method of common lines
(see e.g. [14, 15]), a technique widely used in electron microscopy, where the micrographs represent planar sections through the center the molecular transform.
Diffraction images are different, and represent spherical sections. Each pair of
images will intersect in an arc that also passes through the origin of the molecular transform (figure 2). If the signal (after averaging) is strong enough for
the line of intersection to be found in two averaged images, it will then be possible to establish the relative orientation of these images. We note that due to
the curvature of the sections, the common arc will provide a three-dimensional
fix rather than a hinge-axis. Moreover, the centric symmetry of the modulus
of the molecular transform ensures that we obtain 2 × 2 independent repeats
of the common lines in the two images. This feature provides redundancy for
determining sample orientation, and is unique to diffraction images.

3.3

Reconstruction of the electron density

The molecular transform is related to the electron density simply and directly by
a three-dimensional Fourier transform. Unfortunately, the formation of diffraction images is associated with a loss of information: The molecular transform
is a complex, continuous function, whereas the diffraction data are real and
discrete, and irregularly spaced in reciprocal space. This leads to a reconstruction problem where the data contain less information then the solution. Such
a problem is ill-posed, and as a consequence a very broad set of solutions may
fit the data within experimental error. To cure the ill-posedness, we need to include additional information about the sample that constrains the solutions to
those that are physically acceptable, and thus allows us to discriminate between
spurious solutions and those that are realistic. Classical crystallography has a
similar problem.
It was surmised by Sayre [16] that if the amplitudes of the molecular transform could be over-sampled, there would be enough information to replace the
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Figure 2: Intersection of images in diffraction space. The top figure shows a
diffraction image of lysozyme. The image is a projection of a spherical section of
the molecular transform onto a plane. The bottom figure shows three diffraction
images that intersect in diffraction space.
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lost phases and reconstruct the electron density. The idea has its basis in sampling theory, which states that a band-limited function, such as the molecular
transform of a finite-size molecule, can be fully represented by a set of discrete
equidistant samples [13]. By sampling the amplitudes more finely then the
sampling theorem requires, it may be possible to compensate for the missing
phases.
In a recent publication [17], Szőke has shown that the electron density can,
indeed, be reconstructed from a simulated, over-sampled continuous diffraction
pattern, obtained from a crystal that is made of two similar molecules. He used
an approach based on principles used in holography (encoded in the EDEN
package [18]) and some a priori information. Miao, Hodgson and Sayre used
the iterative Gerchberg-Saxton-Fienup algorithm [19] to successfully reconstruct
electron densities from both simulated [20], and real [21] diffraction images
from non-crystalline samples. A third demonstration, by Oszlányi and Faigel
(unpublished) used a maximum likelihood optimizer for this purpose. These
approaches represent major developments in phasing, and could be applied to
obtain three-dimensional structures from over-sampled diffraction images like
those of single particles and molecules.
In classical crystallography, the set of Bragg reflections constitute a uniform three-dimensional grid/lattice in reciprocal space. (Actually, both Szőke
[17] and Miao et al. [20] [21] used diffraction intensities measured on a three
dimensional regular grid.) Diffraction data sets derived from samples without
translational symmetry, on the other hand, yield a highly non-uniform sampling
of the molecular transform with a decreasing sampling density at higher resolutions. This is also true for tomograms. One could limit the analysis to those
samples that lie on a regular grid, but this would be a very inefficient use of
data and seems incompatible with the idea of a highly over-sampled diffraction
pattern. Interpolating onto a regular grid does not improve the situation; it
moves the problem of ill-posedness from real space to reciprocal space, but does
not change its nature. Reconstruction algorithms will have to deal intelligently
with the above problems.
Fortunately, there are extensive mathematical treatments of matrix inversion [22], image processing [23] and of reconstruction in computed tomography
[24, 25]. One can state with some confidence that those inverse problems have
similar difficulties, but are “easier”. Therefore, reconstruction algorithms for
single particle diffraction will be a subset of those that work well for matrix
inversion or tomography. We have recently extended EDEN, the holographic
method for reconstructing the electron density in crystals, to deal with diffraction patterns from single particles (Szőke et al., in preparation), and expect to
be able to find the optimum electron density under conditions of incomplete,
noisy measurements on an irregular set of points in reciprocal space.
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Classification of diffraction images

The first step in the reconstruction process is to classify the diffraction images
according to the view of the sample that they present. The images can then
be averaged within each class to produce the set of high-quality views of the
sample that is required for an atomic-resolution reconstruction of the structure.
In this sense it is the precision and noise-tolerance of the classification procedure,
rather than that of the reconstruction method, that sets the lower limit on the
quality of the raw diffraction images. In the following sections, we estimate the
minimum number of photons that must be scattered into a diffraction image in
order for a set of images to be accurately classified.
The essence of the classification problem is whether two images present similar views of the sample or not. In order to determine this, we divide each image
into resolution elements, or pixels, where we simply add the diffracted intensity.
More precisely, we think of an image as a vector g = {g0 , g1 , . . . , gn−1 }, where
n is the number of pixels used in the representation and gk is the total photon
count of the pixel. Note that with this definition, a pixel does not necessarily
correspond to a physical resolution element of the detector but can be of any size
or shape. We then correlate two images g and h through their scalar product,
or the discrete cross-correlation function at zero lag (displacement).
(g, h) =

n−1
X

gi hi .

(29)

i=0

To determine whether a set of images can be classified by this similarity measure,
we derive the probability distribution of the scalar product for two limiting cases:
i) images that present different views of the sample and ii) images that present
the same view of the sample but differ in the distribution of noise. Classification
will be regarded as possible if the two distributions can be distinguished.

4.1
4.1.1

The statistics of the diffraction image
The instantaneous intensity scattered by a molecule

The instantaneous intensity elastically scattered within the differential solid
angle dΩ, centered on the scattering vector k, by a particle with electron density
ρ is proportional to the squared modulus of the molecular transform F = F[ρ]
[3]
I(k, t) dΩ = |F (k, t)|2 IT (k, t) dΩ.

(30)

Here IT is the intensity per unit solid angle scattered from a single free electron
(Thomson scattering),
IT (k, t) = re2 P(k)Iin (t),

(31)

where re2 is the classical electron radius, P a factor that depends on the polarization of the incident radiation, and Iin is the intensity of the incident electric
field in photons per unit area and unit time.
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The integrated intensity

The integrated intensity measured during time T within a pixel that spans solid
angle ΩP is given by
Z
Z
W =
dΩ
I(k, t) dt.
(32)
ΩP

T

In the present initial analysis we assume that the electron density stays approximately unchanged for the duration of the pulse, so that we can write the
time-integrated intensity as
Z
Wt (k) dΩ = dΩ
I(k, t) dt = |F (k, t)|2 WT dΩ,
(33)
T
Z
WT = re2 P(k)
Iin (t) = re2 P(k)Win ,
(34)
T

where Win is the total number of photons in the pulse. We will also assume that
the scattered intensity is approximately constant over the area of a pixel. The
integrated intensity can then be written as
Z
W =
Wt (k) dΩ = Wt (k)ΩP = |F (k)|2 WT (k)ΩP .
(35)
ΩP

4.1.3

The statistics of the intensity

Biological macromolecules can be represented as a collection of atoms distributed in space. To a first approximation, this distribution can be regarded
as random. The probability distribution of diffraction intensities from a crystal exposed to polarized radiation were derived by Wilson in 1949 [26] and the
derivation for a non-crystalline asymmetric particle is analogous (see section B).
It shows that the squared modulus of the molecular transform follows negative
exponential statistics,
¡
¢
p |F |2 =

2
2
1
e−|F | /h|F | i .
h|F |2 i

(36)

The approximation holds well at reasonably high resolution (say higher than
3 Å). It follows from equation (35) that under the assumptions we have made,
the same is true for the integrated intensity W
p (W ) =

1 −W/hW i
e
.
hW i

(37)

We will take hW i to be the average of equation (35) taken over all angles at a
constant k, thus making it a function of k only
R
Z
W dΩ
ΩP
R
=
|F (k)|2 WT (k) dΩ,
hW i(k) =
4π
dΩ
= ΩP h|F |2 WT i(k).

(38)
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The statistics of the photon count

Due to the fundamentally stochastic nature of the interaction between radiation
and matter, the number of photons K actually recorded by a detector will
deviate from the classical value W . These deviations, which we will refer to as
photon noise, follow a Poisson distribution [5]
p (K|W ) =

W K −W
e
.
K!

(39)

Combining equations (37) and (39) and integrating to calculate the total probability [27] of the photon count, we arrive at the Bose-Einstein distribution
(geometrical distribution) of the photon count [5]
µ
¶K
1
hW i
.
(40)
p (K) =
1 + hW i 1 + hW i

4.2

The distribution of the scalar product

We will derive the distribution of the scalar product for the special case where
the image vectors are constructed from a single annulus of high-resolution pixels.
We will also assume that the pixels are all independent samples of the molecular
transform in the sense of the sampling theorem [13]. Under these conditions,
all pixels at a given resolution will be independent and identically distributed.
The distribution is given by equation (40).
Let the two image vectors g = {g0 , g1 , . . . , gn−1 } and h = {h0 , h1 , . . . , hn−1 }
be realizations of the random vectors G and H. Likewise, let the corresponding
noise-free images vectors g (0) and h(0) be realizations of the random vectors G(0)
and H (0) . As the scalar product is a sum of independent random variables, the
central limit theorem tells us that it will be asymptotically normally distributed
(the distribution is essentially normal for n as low as 30) [27]. As G and H are
also identically distributed we can write
¡
√ ¢
(G, H) ∈ AsN nµ, nσ ,
(41)
where µ and σ denote the common mean and average of the variables. They
are computed from the joint probability distribution p (gk , hk ) of an arbitrary
pair of random variables Gk and Hk
X
µ=
ijp (i, j)
i,j

2

σ =

X

2

(ij − µ) p (i, j) .

(42)

i,j

Through the theorem of marginal distributions [27] we can express the joint
probability distribution as
ZZ ³
´
(0)
(0)
(0)
(0)
p (gk , hk ) =
p gk , hk , gk , hk
dgk dhk
ZZ ³
´ ³
´
(0)
(0)
(0)
(0)
(0)
(0)
=
p gk |gk , hk |hk p gk , hk
dgk dhk
ZZ ³
´ ³
´ ³
´
(0)
(0)
(0)
(0)
(0)
(0)
(43)
=
p gk |gk p hk |hk p gk , hk
dgk dhk .
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In the second equality we have used Bayes’ theorem of conditional probability
and in the third the fact that the noise in the two images is independent.
The first two factors in the last integral are given by equation (39), while
the third can be obtained from equation (37). If the noise-free images g (0) and
h(0) correspond to independent views of the sample, then their joint probability
function factorizes
³
´
³
´ ³
´
(0)
(0)
(0)
(0)
p gk , hk
= p gk p hk .
(44)
If the images display the same view of the sample, then the noise-free images
are identical.
³
´
³
´ ³
´
(0)
(0)
(0)
(0)
(0)
p gk , hk
= p gk δ hk − gk .
(45)
In both cases we have expressed the integrand of equation (43) in terms of
known functions, and the resulting integrals can be solved analytically. We
have inserted the resulting distributions into (42) and calculated µ and σ 2 for
the two cases in terms of the mean classical (photon-noise–free) photon count
hW i scattered to the pixel. The results are presented in table 1.
Table 1: Expectation value and variance of the product of the photon count
in two pixels at the same resolution. The subscript gg 0 indicates two images
presenting the same view, gh two images presenting different views. hW i is
average (classical) intensity at that resolution, and it is expressed in number of
photons per unit area.

µg
σg2
µgh
2
σgh
µgg0
2
σgg
0

4.3

Noise-free
hW i
hW i2
hW i2
3hW i4
2hW i2
20hW i4

With Poisson noise
hW i
hW i2 + hW i
hW i2
3hW i4 + 4hW i3 + hW i2
2hW i2
20hW i4 + 32hW i3 + 13hW i2

Classification criterion

The mean and variance of the scalar product takes on higher values if the images
present the same view of the sample than if they present independent views.
We will consider the two distributions to be distinct if their overlap is smaller
then a given fraction of their total area (figure 3).
Let the mean of the scalar product be denoted nµgg0 for images presenting
the same view and nµgh for independent images, where n is the number of
pixels used in the representation. The difference between the means of the two
distributions is then
nδ = n (µgg0 − µgh ) .
(46)
Analogously, the sum of the standard deviations is
√
√
nS = n (σgg0 + σgh ) .

(47)
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Probability

Uncorrelated images

Images that differ in noise only

Value of the scalar product

Figure 3: Overlapping distributions: The area of the overlapping sections gives
the probability of misalignment.
The two distributions will be regarded as distinct if the difference between their
means is a factor α/2 larger than the sum of their standard deviations
nδ >

α√
nS
2

(48)

or equivalently, if
·

α
n>
2

µ ¶¸2
S
.
δ

(49)

The parameter α determines the area of overlap between the distributions and
thus the probability of a correct classification. It is analogous to the standard
deviation of a normal distribution, i.e. α = 2 corresponds to a probability of
correct classification of approximately 95%. Equation (49) connects the number
of independent pixels (n) to the significance of the classification (through α) and
to the average number of photons scattered into a pixel (through S and δ). In
figure 4, this relationship is plotted for a few values of α.

4.4
4.4.1

Interpretation in terms of particle size and achievable
resolution
The number of independent pixels

In this analysis we have assumed that each pixel measures data that is independent of the data in the adjoining pixel. The number of such pixels that can be
extracted from a diffraction pattern depends on the bandlimit of the molecular
transform, or equivalently, on the support of the electron density. For a particle that can be inscribed in a cube with side a, points that are separated by
a distance of 1/2a in each dimension are guaranteed to be independent by the
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Figure 4: The number of pixels n needed for classification as a function of the
average number of photons scattered into a pixel. Curves are drawn for α = 3
(corresponding to a 99 % certainty of the classification), α = 2 (95 % certainty)
and α = 1 (68 %). This is independent of the size of the molecule.
sampling theorem. An estimate of the number of independent sample points
within an annulus of radius k in the image is then
n(a, d) =

2πk
a
= 4πak = 4π .
1/2a
d

(50)

Note that d = 1/k is what we call the resolution of the annulus (we use this
term because d is related to the resolution of the reconstructed electron density,
as defined in section 2.2.1). This estimate is low, mainly because the cube is
a crude estimate of the molecular shape. However, we see that the number of
independent pixels along the circle depends on the quotient a/d.
By considering the limiting case when the inequality (49) becomes an equality, solving for α and using equation (50) for n,
√ δ
α=2 n
r S
a δ
=4 π
,
d S

(51)

we obtain a relation for the probability of correct classification that depends on
the average photon count per pixel and the quotient a/d. In figure 5 we plot
the probability as function of average photon count for two different values of
a/d.
4.4.2

The average photon count per independent pixel

The next step is to express the average photon count per pixel as a function of
resolution and particle size. The angular average of the photon count within a
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Figure 5: Certainty of classification as a function of the average number of
photons per pixel. The results depend on the quotient between the radius of
the particle a and the resolution d.
pixel is given by equation (38) and restated here
hW i(k) = ΩP h|F |2 WT i(k)
To estimate the solid angle ΩP spanned by the pixel, we note again that the
boundary of the particle constitutes the bandlimit of the molecular transform.
The distance between independent sample points of the molecular transform (in
a cartesian sampling scheme) is then 1/2a, and the area of an independent unit
of the transform will be taken to be (1/2a)2 . Recalling the Ewald construction
[4], we can say that an independent pixel collects all those photons whose wave
vectors fall within an area of (1/2a)2 . Since the length of the wave vector is
defined as 1/λ, the solid angle ΩP spanned by an independent pixel is
µ
ΩP =

λ
2a

¶2
.

(52)

To calculate h|F |2 WT i(k) we will assume that the incident radiation is unpolarized, so that
hWT i(k) = re2 Win hPi(k),
1
hPi(k) = (8 + k 4 λ4 − 4k 2 λ2 ),
8

(53)
(54)

which allows us to write
h|F |2 WT i(k) = h|F |2 i(k)hWT i(k).

(55)

Note that there is a discrepancy here with the calculation of the statistics, in
which we assumed that the incident radiation is polarized.
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The angular average of the molecular transform remains to be calculated.
To do this we assume that the particle consists of NC carbon equivalent atoms.
Through the isolated-atom approximation (see section A.11) we can write
h|F |2 i(k) = NC fC2 (k),

(56)

where fC is the Fourier transform of the atomic electron density (the atomic
scattering factor for carbon).
Up till now, all we have assumed about the molecules shape is that it can
be inscribed in a cube with side a. To relate the number of atoms NC to the
size, we will assume that the particle is spherical with radius a and density ρC .
The number of carbon atoms is then related to the volume by
N C = ρC

4πa3
.
3

(57)

We arrive at the following expression for the average number of photons scattered into an independent pixel,
hπ
i
hW i(a, k) =
λ2 ρC re2 afC2 (k)hPi(k)Win .
(58)
3
Equation (58) in conjunction with table 1 gives us expressions for S and δ in
equation (49). For our quantitative conclusions, we assume an incident X-ray
pulse which is focused into a spot with diameter 100 nm. The density of the
carbon cloud is 1/15 atoms/Å3 and the scattering factor is calculated trough
the analytical approximation given in [28]. In figure (6) we plot the probability
of correct classification as a function of particle radius and resolution when the
number of incident photons Win is 3 × 1012 . In figure 7 we plot the maximum
resolution at which classification is possible, as a function of particle radius and
for several different intensities of the X-ray pulse.

4.5

Conclusions

We have presented a simple but realistic statistical model for the classification of
diffraction images. Our quantitative conclusions are presented in equations. (49,
50, 58) and Figs. (6) and (7), which connect the number of incident X-ray
photons, the particle size and the achievable resolution. We have shown that
less then one photon per independent pixel can be enough for classification,
even in the presence of a Poisson-type photon noise. As expected, the larger the
particle and the larger the incident X-ray fluence, the higher the resolution and
the higher the significance level of the classification. The achievable resolution
is determined by the number of photons scattered by the particle and by the
angular dependence of the scattering factor.
Low-resolution data will be important in the initial stages of classification,
but it is ultimately our ability to align the high-resolution data that determines
the quality of the averaged image. In the present demonstration of classification
we have not used low resolution data (those will obviously be included in any
practical solution). Low-resolution pixels have higher intensities, so they have
better statistics and could help “homing in” early on the classification. Nevertheless, their angular resolution is lower, so we expect those to be less effective
overall than the high resolution data. Our classification is based on the statistical properties of a generic diffraction image; a more sensitive decision could
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Figure 6: Certainty of classification as a function of radius and resolution. Contours corresponding to 40 %, 70 %, 95 % and 99 % certainty of classification
(α ≈ 0.5, 1, 2 and 3) are indicated, as well as a colorbar with values in percent.
For the calculations we assumed that 3 × 1012 photons were focused into a 100
nm spot. The density of the particle was taken as 1/15 atoms/Å3 , corresponding
to an electron density of 0.4 electrons/Å3 .

7

1013

3×1012

1012

3×1011

Resolution (Å)

6

5

4

3

2

1
0

100

200
300
Radius of particle (Å)

400

500

Figure 7: Classification with 90 % certainty at different radii, resolutions and
incident number of photons. The density of the particle is 1/15 atoms/Å3 .
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be made by adapting the classification criterion to each specific pair of images,
at a computational cost. Classification can also be improved by various other
means, e.g. after a (relatively small) number of classes are established, their
class averages can be used as classifiers. We should then compare each noisy
image with every one of the class averages. We can then decide whether each
image has been classified properly or belongs to a different class. Of course,
such procedure will produce new class averages and it can be iterated.
The importance of our treatment is that it establishes clear statistical (mathematical) criteria for the achievable resolution of diffraction images. Such criteria can establish standards of achievement of classification algorithms as well
as guidance for research into new methods of signal processing.
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Important tools and concepts

This section is a collection of various tools and concepts used throughout the
main text.

A.1

The Fourier transform

The Fourier transform of the function f is a linear coordinate transformation
defined as [29]
Z ∞
F (ν) =
f (x)e−i2πxν dx.
(59)
−∞

Two successive Fourier transformations yield an inverted form of the original
function. Therefore it is customary to define an inverse transform which, due to
a change of sign in the exponent, yields the original function without inversion
Z ∞
f (x) =
F (ν)ei2πxν dν.
(60)
−∞

The Fourier transform can be extended to multiple dimensions. We will need
its three-dimensional form
ZZZ
F (u, v, w) =
f (x, y, z)e−i2π(xu+yv+zw) dx dy dz,
(61)
∞

which is more conveniently expressed in vector notation
Z
F (ν) =
f (r)e−i2πr·ν dr

(62)

∞

As a shorthand notation, we will use the symbol F to denote the Fourier–
transform operator, as in
F = Ff
F (ν) = (Ff )(ν)
F (ν) = F[f (r)](ν)

(63)
(64)
(65)

Note In mathematics and physics it is common to lump the factor 2π in the
exponential with the transform variable ν to form the transform variable ω
Z
F (ω) =
f (r)e−ir·ω dr.
(66)
∞

¡a¢
The result is that the transform is stretched, so that Fω (a) = Fν 2π
, and also
that it is necessary to include a scaling factor in the inverse transform
Z
1
F (r) =
F (ω)eir·ω dω.
(67)
2π ∞
The different conventions can be traced back to the interpretation of the complex exponential as a stationary harmonic wave: ν is the spatial frequency of
the wave, measured in Herz and ω is the angular frequency, measured in radians. While the first convention gives the spatial frequency of the harmonic
components of a function, the second convention gives the angular frequency.
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Cross-correlation

The cross-correlation of two functions f and g is defined as
Z ∞
Z ∞
f (u − x)g(u) du =
f (u)g(u + x) du
(f ? g)(x) =
−∞

(68)

−∞

The variable x is called the lag and corresponds to a translation of f in the
positive direction, or equivalently, to a translation of g in the negative direction.
Essentially, the cross-correlation is the scalar product of the two functions after
they have been translated with respect to each other by the amount x. Note
that the order of the functions is important
(f ? g)(x) = (g ? f )(−x),

(69)

unless either f or g is even. The cross-correlation of complex functions is usually
defined by g ∗ ? h, where the asterisk denotes the complex conjugate.
The relationship between the cross-correlation of two functions and the product of their Fourier transforms is given by the cross-correlation theorem, which
states that
F {f ? g} = F ∗ G,

(70)

where F and G are the respective Fourier transforms of f and g.

A.3

Autocorrelation

The autocorrelation is the cross-correlation of a function with itself
Z ∞
Z ∞
(f ? f )(x) =
f (u − x)f (u) du
f (u)f (u + x) du.
−∞

(71)

−∞

For complex functions the autocorrelation is usually defined as f ∗ ? f , i.e. the
first instance of f in the above equations is conjugated. Note that f ? f ∗ results
in a conjugate version.
As a special case of the cross-correlation theorem, an important relationship
between the autocorrelation and the Fourier transform of a function is given by
the autocorrelation theorem, also known as the Wiener-Khinchin theorem
(f ? f )(x) = F ∗ F = |F |2 .

A.4

(72)

Convolution

The convolution f ∗ g of two continuous functions f and g is defined as
Z ∞
(f ∗ g)(x) =
f (x − u)g(u) du.

(73)

−∞

This is the cross-correlation of f and g after f has been translated by x units,
yielding f (u − x), and then folded around the origin, yielding f (x − u). Hence
the older name Faltung, which is German for folding. Although the form of the
convolution is slightly more complicated than that of the cross-correlation, its
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properties are simpler. As a result of the folding of one of the functions, the
convolution is commutative,
f ∗ g = g ∗ f.

(74)

It is also associative and distributive under addition. Moreover, the Fourier
transform of a convolution is the product of the Fourier transforms of the convoluted functions, as stated by the convolution theorem
f ∗ g = F[GH].

(75)

Note that if f or g is even, then f ∗ g = f ? g.

A.5

The δ-function

Despite its name, the δ-function is not a function in the traditional sense, but a
generalized function or a functional. Strictly defined, it is the limit of a sequence
of integrals
Z ∞
lim
(76)
gn (u − x)f (u) du = f (x),
n→∞

−∞

where gn is a sequence of functions that in the limit n → ∞ exhibit the “sifting”
property of equation (76). Although the limit of the sequence of integrals is the
proper representation of the functional, it is common to represent the δ-function
by the limit of the sequence of functions gn (called a delta sequence)
δ (u) = lim gn (u)
n→∞

and write the sifting integral as
Z ∞
δ (u − x) f (u) du = f (x).

(77)

(78)

−∞

This can be written more succinctly as a scalar product
hδ(u − x), f (u)i = f (x).
The δ-symbol is often used to represent an impulse that is infinitely narrow
and infinitely high but retains unit area. However, it is not strictly necessary
that the functions of a delta sequence vanish in the limit except in a point. An
example of the contrary is the delta sequence of sinc functions, which retain a
finite width in the limit but still exhibit the sifting property.
Through the δ-symbol it is possible to state properties of the δ-function in
a simple way, leaving implicit that the properties have a meaning only under
the integral sign. We see from the sifting integral that the effect of multiplying
δ(u − x) by a function f (u) is to change the area under the δ-function by a
factor f (x)
¶
µ
u
(79)
−x
δ (u − x) f (u) = δ
f (x)
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This leads directly to the scaling property the δ-function
δ (au − x) =

1
δ (u − x) ,
|a|

(80)

that is, compressing the pulse by a factor 1/|a| yields a pulse which is reduced
in area by the factor a. The Fourier transform of the δ-function is defined as
Z ∞
δ (u − x) e2πi uk du = e2πi xk ,
F {δ (u − x)} (k) =
(81)
−∞

The Fourier transform of the δ-function a harmonic wave with frequency x. This
should be expected, since the Fourier transform of a wave of a single frequency
is a point.
The sifting property of the δ-function is sometimes referred to as its sampling
property, especially in conjunction with an array of δ-functions as in section A.6.
We can extend this into a replicating property by writing the sifting integral as
the cross-correlation of the δ-function and the function f .
f (x) = (δ ? f )(x) = hδ(u − x), f (u)i

(82)

The cross-correlation function, which evaluates the sifting integral for all x, is
a replica of the function f . Since δ(−x) = δ(x) (from the scaling property), we
can equally well represent the cross-correlation by a convolution
f (x) = (δ ∗ f )(x) = (f ∗ δ)(x).

(83)

More generally, the convolution of a function with a shifted δ-function is a
shifted replica of the function
f (x − x0 ) = [δ(u − x0 ] ∗ f (u))(x).

(84)

In three-dimensional cartesian coordinates, we can write the δ-function as
3

A.6

δ (r) = 3 δ (ax, by, cz) = δ (ax) δ (by) δ (cz)

(85)

The shah function (sampling/replicating function)

We will denote an array of unscaled δ-functions that have unit spacing by the
symbol III(x), which is pronounced shah after the Cyrillic character for the ”sh”
sound,
III (x) =

∞
X

δ (x − n) .

(86)

n=−∞

Scaling of III by a factor a is taken to mean a scaling of both the delta-functions
and of their spacing,
III (ax) =

∞
³
n´
1 X ³
n´
δ ax −
=
δ x−
,
a
|a| n=−∞
a
n=−∞
∞
X

(87)
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where the second equality derives from the scaling property of the delta-function.
It follows that an array of unit impulses with spacing a is written
∞
³x´
X
1
III
=
δ (x − an)
|a|
a
n=−∞

(88)

Two important properties of the shah-symbol are its sampling property and
its replicating property. “Sampling” of the function f (x) at intervals of a is
accomplished by the product
·

∞
∞
³ x ´¸
X
X
1
III
f (x) = f (x)
δ (x − na) =
f (na)δ (x − na) .
|a|
a
n=−∞
n=−∞

(89)

This produces an array of delta functions that have had their areas scaled by the
values of the sampled function. As always, this property has meaning only under
integration. When integrating the array, the values of the sampled function at
the points na are recovered. The replicating property of the shah function
follows as a generalization of the replicating property of the delta function,
·

∞
³ x ´¸
X
1
III
∗ f (x) =
f (x − na) .
|a|
a
n=−∞

(90)

Convolution of a function f with the shah function thus has the effect of erecting
f on around the sample points, creating a periodic function. The shah function
also has the useful property that it is its own Fourier transform
III (x) = F {III (x)} ,
½
³ x ´¾
1
III (ax) = F
III
,
|a|
a

(91)
(92)

where the second equation follows from the similarity theorem of the Fourier
transform.
A three-dimensional shah function can be written in cartesian coordinates
as
3
III (r) = 3 III (x, y, z) = III (x) III (y) III (z) .
(93)
Unit impulses arranged on a cubic three-dimensional lattice with lattice constant
∆ would thus be expressed as
µ
¶
1 3
1
III
r .
(94)
∆3
∆

A.7

Signal-to-noise ratio

The signal-to-noise ratio, often written SNR or S/N, is a measure of signal
strength relative to background noise. The ratio is usually measured in decibels
(dB), a unit defined as one tenth of the common logarithm of the power ratio
(i.e. one tenth of a Bel)
SNR = 10 log10

ksignalk2
(dB)
knoisek2

(95)
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or, equivalently, as one twentieth of the amplitude ratio
SNR = 20 log10

ksignalk
(dB).
knoisek

(96)

For a stochastic signal, the power is usually defined as the variance of the signal.

A.8

Spacelimit, bandlimit and support of a function

The support of a function is essentially the set of points where the function is
different from zero. We will say that a function whose support is a bounded
set (i.e. a function that is not infinite in extent) is spacelimited. A function
whose Fourier transform has bounded support is said to be bandlimited, and the
support of the Fourier transform is called the band of the function.
A spacelimited function cannot be bandlimited, and vice versa. Thus, when
a spacelimited function is imaged through a bandlimited imaging system, the
resulting image will be infinite in extent. However, in many cases the image
approaches zero and we can view it as being approximately spacelimited.

A.9

The sampling theorem

A function whose Fourier transform is zero for frequencies larger then some
value B is said to be bandlimited with band B (compare section A.8). A basic
property of such a function is that it is fully specified by values spaced at equal
intervals not exceeding 1/(2B) [29]. Sampling of the function at precisely the
rate 2B is called critical sampling or Nyquist sampling. Sampling at a rate
higher or lower then the critical rate is called oversampling and undersampling
respectively. Undersampling does not uniquely determine the function whereas
oversampling of a noise-free function does not provide additional information.

A.10

Electromagnetic radiation

Electromagnetic radiation consists of oscillating electric and magnetic fields that
are oriented at right angles to one another and to the direction of propagation.
The electric (or magnetic) component of a plane, monochromatic wave can be
written as
·
¸
2π
E(r, t) = E0 cos
(r − ct) · k̂ ,
(97)
λ
for a given point r and time t. Here E0 is the amplitude of the oscillations,
λ is their wavelength, c the velocity of propagation and k̂ is a unit vector in
the direction of propagation. The factor within the parentheses expresses r in
a coordinate system that moves with the wave. The factor 2π/λ translates this
coordinate into an angle. Defining the wave number k and the wave vector k
of the radiation as the quantities
1
,
λ
k = k k̂,
k=

(98)
(99)

we can write
E(r, t) = E0 cos [2π (r − ct) · k] .

(100)
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The wave number gives the spatial frequency of the wave, analogous to the
temporal frequency ν = c/λ.
If we express the wave as the real part of a complex function
E(r, t) = Re{E 0 cos(φ) + iy},
φ = 2π (r − ct) · k,

(101)
(102)

and choose y to be the sine function,
E(r, t) = Re{E 0 [cos(φ) + i sin(φ)]},

(103)

which we can use the Euler formula to represent the wave in terms of a complex
exponential, or phasor,
©
ª
E(r, t) = Re E 0 eiφ .
(104)
Normally, it is implicit that the real component of the phasor represents the
wave (or the imaginary component, which leads to an equivalent formulation).
In practice, it doesn’t matter whether we use the full complex representation.
All measurable quantities — such as the amplitude, phase and intensity of the
wave — are real numbers in the complex representation of the wave as well as
in the real representation. The advantage of the phasor representation is that
it is simple to manipulate mathematically.

A.11

The isolated-atom approximation

To a reasonable approximation, the electron density can be described as a superposition of N isolated atoms, each with electron density ρj (r − rj (t), t)
ρ(r) =

N
X

ρ(r − r j (t), t),

(105)

j=1

which allows us to write the molecular transform as


X
F (h, t) = F 
ρj (r − r j (t), t) ,
=

X

j

F [ρj (r − r j (t), t)] ,

(106)

fj (h, t)e2πi h·rj (t) .

(107)

j

or
F (h, t) =

X
j

Here fj , called the atomic scattering factor, is the Fourier transform of the
atomic electron density ρj , and the exponential factor signifies a phase shift due
to the translation r −r j . Within the isolated-atom approximation, we can write
the instantaneous intensity scattered by a single particle as
¯
¯2
¯
¯
¯X
¯
I(h, t) = ¯¯
fj (h, t)e2πi h·rj (t) ¯¯ IT (h, t) dΩ.
(108)
¯ j
¯
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Probability distribution of the diffraction intensities

The probability distribution of diffraction intensities from a crystal were derived
by Wilson in 1949 [26], and the derivation for a non-crystalline asymmetric
particle is analogous. Consider a particle that consists of a large number of
randomly positioned atoms that scatter X-rays independently of each other. A
wave fi that is scattered to a given point by the i:th atom will have a phase
that is shifted by an amount φi relative to an atom placed at the origin
fi = a0 e−iφi
= xi + iyi .

(109)

If we regard fi as a realization of a random variable Fi , then the total wave f
scattered to a given point is a realization of the random variable F ,
X
F =
Fi = X + iY
(110)
i

If we assume that the atomic positions, and consequently the phases, follow a
uniform distribution, then both X and Y will be normally distributed (by the
central limit theorem [27]) with zero mean and a variance which we will denote
σ/2. We can derive the probability density function (pdf) of F as
pF (f ) = pXY (x, y)
= pX (x)pY (y)
¶µ
¶
µ
2
2
2
2
1
1
√ e−x /σ
√ e−y /σ
σ/2 2π
σ/2 2π
1 −(x2 +y2 )/σ2
=
e
πσ 2
1 −|f |2 /σ2
=
e
,
πσ 2

(111)

the pdf of the amplitude A = |F | as
pA (a) = 2πapF (a)
2
2
2a
= 2 e−a /σ ,
σ

(112)

and finally, the pdf of the intensity I = A2 = |F |2 as
³√ ´
1
i
pI (i) = √ pA
2 i
2
1
= 2 e−i/σ .
σ
To derive the variance, we note that
σ
= E[(X − E[X])2 ] = E[X 2 ].
2

(113)
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From the relation I = |F |2 = X 2 + Y 2 we have that E[I] = E[X 2 ] + E[Y 2 ] =
2E[X 2 ], so that
E[X 2 ] =

1
E[I]
2

and
σ 2 = E[I].

(114)

Denoting the expectation value of the intensity by hIi, we write
pI (i) =

1 −i/hIi2
e
.
hIi2

(115)

The basic assumption that must be fulfilled for equation (115) to be valid
is that the particle can be viewed as a large number of randomly distributed
atoms. A protein has secondary structure that imposes order, so on a global,
low-resolution scale we cannot view it as a random collection of atoms. The
random-atom approximation is valid on a local, high-resolution scale, which
corresponds to large-angle scattering data. As a rule a thumb, one can say that
the scattering vector must be larger then 1/3 Å−1 , corresponding to a resolution
of 3 Å, for equation (115) to be valid.
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